6 S) I nfOStu dy BE INFORMED BE LEARNED

COMPLEX ANALYSIS (PYPS) PART - C
DECEMBER - 2014 5. Let f be an entire functon on C. Let
PART - B g(z)=f(Z). Which of the following

1. Let p(z)=a,+a,z+..+a,2" and

a(z)=b,z+b,z* +..+b,z" be complex

polynomials. If ag, b; are non-zero complex
numbers then the residue of p(z)/q(z) at 0 is
equal to

1 2 2 b
bl aO
a a
3.+ 4, 0
bl al

Let Z:zlanzn be a convergent power series

. a
such that lim—2 =R>0. Let p be a

n—o0o a
n

polynomial of degree d. Then the radius of
convergence of  the power  series

Z:O:oan p(n)z" equals
1.R 2 d
3.Rd 4. R+d

Let f be an entire function on C and let Q be
a bounded open subset of C. Let
S={Re f(2)+Imf(z)|zeQ}. Which of

the following statements is/are necessarily
correct?

1. Sisanopensetin R
2. Sisaclosedsetin R
3. Sisanopensetof C
4

Sis a discrete setin R

Let u(x+iy)=x>-3xy’+2x. For which of the
following functions v, is u+iv a holomorphic

function on C?

1. v(x+iy)=y® -3x’y+2y
2. V(x+iy)=3x*y—-y®+2y
3. v(x+iy) =x®—3xy* +2x
4. v(x+iy)=0

Ph: 9876788051, 9650838031

statements is/are correct?
1. if f(z) eRforall z R then f=g

2. if f(z)e Rforall
ze{z|Imz=0}{z|Im z=a}, for some
a>0, then f(z+ia)=f(z—ia) for all
zeC.

3. If f(2) e Rforall
ze{z|Imz=0}u{z|Imz=a}, for some
a>0, then f(z+2ia)= f(z) forall zeC

4. If f(z) e R forall
ze{z|Imz=0}u{z|Im z=a} for some
a>0,then f(z+ia)=1f(z) all zeC

Let f(2) =Z::0an2" be an entire function

and let r be a positive real number. Then

1. Zn:()l an |2 r2n SSup|z|:r | f(Z) |2

2. sup,. | F(@)F<Y, la, [ r®
0 2. on_ 1 27 10y 2
3. Y Ja,lPr ngo | f(re'”) | do
1 27 ;
2 iy |2
4. sup,. | f(2)| SZL | f(re'”)|” do
JUNE — 2015
PART -B
Z2
P
\z+l\:24_z
1.0 2. - 2ri
3. 27i 4.1

How many elements does the set
{Z eClz%=-17"#-1for 0<k<60} have?

1.24 2.30
3.32 4. 45

Let f be a real valued harmonic function on C,
0*f  o*f
+—=0.

aXZ ayz

that is, f satisfies the equation
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Define the functions

of .of of .of
g=—-i—, h=—+i—

ox oy ox oy
Then

1. g and h are both holomorphic functions.

2. g is holomorphic, but h need not be
holomorphic.

3.  h is holomorphic, but g need not be
holomorphic.

4. both g and h are identically equal to the
zero function.

PART-C

10. Let f be an entire function. Which of the

11.

12.

following statements are correct?

1. f is constant if the range of f is contained
in a straight line.

2. f is constant if f has uncountably many

Zeros.

3. f is constant if f is bounded on {ze C:
Re(z) < 0}.

4, f is constant if the real part of f is
bounded.

Let f be analytic function defined on the open
unit disc in C. Then f is constant if

1. f(ljzo forall n>1.
n
2. f(z)=0 forall |z| ==

3. f(izjzo forall n>1.
n
4. f(z2)=0 forall ze(-11).

Let p be a polynomial in 1-complex variable.
Suppose all zeroes of p are in the upper half

plane H ={z € C|Im(z) > 0}. Then
p'(z)

1. Im——2>0 forzeR.
p(2)

2. Rei p(z)<0 forzeR
p(2)
p( )>O forzeC, with Imz <0
p(Z)
p( )>0 for zeCwith Imz >0
p(Z)

Ph: 9876788051, 9650838031

DECEMBER - 2015

PART - B

13.

14.

15.

16.

17.

Let a, b, ¢, d € R be such that ad — bc > 0.
Consider the Mobius transformation

az
T )=
a,b,c,d() cz +

H,={zeC:Im (z) >0}, H.={zeC :Im (2) < 0}
R, ={zeC:Re (2) >0}, R.={zeC : Re(z) < 0}.
Then, T,pcqaMaps
1. H, to H..
3. R:to R..

b .
. Define

2.H,to H_
4. R, toR_

What is the cardinality of the set

{ze C|z®=1and z" =1 forany 0 <n < 98}?
1.0. 2.12.
3.42. 4,49,

Consider the following power series in the
complex variable z:

f(z)=), nlognz",g(z) =

o €
Z —2z".if r, R are the radi of
n=1 n
convergence of f and g respectively, then
1.r=0,R=1. 2.r=1,R=0.
3.r=1,R=oo. 4.r=00, R=1.
PART - C

1
Let f(Z):Z—1 for all z € C such that
e —_

e’# 1. Then

1. f is meromorphic.

2. the only singularities of f are poles.

3. f has infinitely many poles on the imaginary
axis.

4. Each pole of fis simple.

Let f be an analytic function in C. Then f is
constant if the zero set of f contains the

sequence
1. a,=1/n
_11
2. a,=(-1)"
3 an:i
2n

1
4. a,=nif 4 does not divide nand a, =— if

4 divides n
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18. Consider the function f(z)zl on the

z
annulusA:{z eC :;<| Z|< 2}.

Which of the following is/are true?

1. There is a sequence {p,(z)} of polynomials
that approximate f(z) uniformly on compact
subsets of A.

2. There is a sequence {r,(z)} of rational
functions, whose poles are contained in

C\A and which approximates f(z) uniformly
on compact subsets of A.

3. No sequence {p,(z)} of polynomials
approximate f(z) uniformly on compact
subsets of A.

4. No sequence {r,(z)} of rational functions

whose poles are contained in C\A,
approximate f(z) uniformly on compact
subsets of A.

JUNE - 2016

PART - B

19. Let P(z), Q(z) be two complex non-constant

polynomials of degree m,n respectively. The
number of roots of P(z)=P(z)Q(z) counted with
multiplicity is equal to:

1. min {m,n} 2. max {m,n}

3. m+n 4. m-n

. Let D be the open unit disc in C and H(D) be
the collection of all holomorphic functions on it.

Let S={f cH(D): f(lj=1, f(lj
2)72'\a

o1y 1
4,..., on 2n,... and

1) 1 1 1) 1
S L
(5} 4 (Zn] [2n+1) 2n }Then

Both S,T are singleton sets
S is a singleton set but T= ¢
T is a singleton set but S= ¢
Both S, T are empty

PobdPE

21. Let P(x) be a polynomial of degree d >2.

The radius of convergence of the power series
2. p(n)z" is
n=0
1.0 2.1
3. ® 4. dependentond

Ph: 9876788051, 9650838031

23.

24.

26.

22. The residue of the function f(Z)=e’em at
z=0is:
1.1+e™ 2. ¢!
3.-e* 4.1-e™
PART -C

LetH ={z=x+iy eC:y > 0} be the upper half

plane and D ={z €C: |z| < 1} be the open unit
disc. Suppose that f is a Mobius
transformation, which maps H conformally
onto D. Suppose that f(2i) = 0. Pick each
correct statement from below.

1. f has a simple pole at z = -2i.

3. f has an essential singularity at z = - 2i.

4| F2+20) -~

N3

2 1
Consider the function F(z) =L (4d
X

_2)2
Im(z) > 0. Then there is a meromorphic

function G(z) on C that agrees with F(z) when
Im (z) > 0, such that

1.1, ~ are poles of G(z)

2. 0,1, are poles of G(z)

3. 1,2 are poles of G(z)

4. 1,2 are simple poles of G(2).

X,

. Let f : C — C be an entire function. Suppose

that f = u + iv where u,v are the real and
imaginary parts of f respectively. Then f is
constant if

1. {u(x,y) : z = x + iyeC} is bounded
2.{v(x,y) : z=x + iyeC} is bounded

3. {u(x,y) +v(x,y):z = x + iye C} is bounded
4. {u*(x,y) +V3(x,y):z =x + iye C} is bounded

Let A = {zeC|z|>1}, B = {zeC|z#0}.

Which of the following are true?

1. There is a continuous onto function
fA—B

2. There is a continuous one to one
functionf: B — A

3. There is a nonconstant analytic function
f:B—A

4. There is a nonconstant analytic function
f:A—B
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DECEMBER - 2016

PART - B

27. The radius of convergence of the series

iz”z is

n=1
1.0 2.0
3.1 4.2
28. Let C be the circle |z| = 3/2 in the complex

plane that is oriented in the counter clockwise
direction. The wvalue of a for which

J. 22+1 4 a dz=0is
2°-3z+2 -1

C

1.1 2.-1
3.2 4.-2
29. Suppose f and g are entire functions and

g(2) # 0 for all z € C. If [f(2)|] < |g(2)|, then we
conclude that

1. f(z#0forallze C.
2. fis a constant function.

3. f(0)=o0.

4. forsome C € C, f(z) = Cg(2).

30. Let f be a holomorphic function on 0 < |z| < €,
€ > 0 given by a convergent Laurent series

> az" g . _
n® * Given also that lim,[f(z)| = o,

n=-o

We can conclude that

1. a;#0anda,=0foralln>2

2. ay # 0 for some N > 1 and a,, = 0 for all
n>N

3. a,=0foralln>1

4, a,=0foralln>1

PART - C

31. Let f(z) be the meromorphic function given by

_ %  Then
(@-e")sinz

1. z=0 is a pole of order 2.
2. for every keZ, z=2 ik is a simple pole.

3. for every keZ\{0}, z=k T is a simple pole.
4.z=mw+2wiis apole.

32. Consider the polynomial

N
P(z)=>a,z"1<N <o, a, e R{0}. Then,

n=1

with D ={weC: |w| < 1}

Ph: 9876788051, 9650838031

1.P(D) = R 2. P(D) is open
3.P(D)isclosed 4. P(D)is bounded

33. Consider the polynomial
5 9
P(z) = (ZanZnJ[anan where &,,b, €R
n=0 n=0

V n, as # 0, by #0. Then counting roots with
multiplicity we can conclude that P(z) has

1. at least two real roots.

2. 14 complex roots

3. no real roots

4. 12 complex roots.

34. Let D be the open unit disc in C. Let g: D —»D
be holomor__phic, g(0)=0, and let

gzl

=, zebh =z

h{z3={z,{m o Which of the
g » I=

following statements are true?
1. h is holomorphic in D. 2. h(D) € D .

3.19'(0)>1 4.

JUNE - 2017

PART - B

35. Let C denote the unit circle centered at the

origin in C. Then i_j|1+z+z2 [* dz, where
27 ¢

the integral is taken anti-clockwise along C,
equals
1.0 2.1
3.2 4.3
36. Consider the power series

f(x) =>_log(n)x".

n=2
The radius of convergence of the series
f(x)is
1.0 2.1 3.3 4. o

37. For an odd integer k > 1, let & be the set of alll
entire functions f such that

f(x) = x“|for all Xe(-11). Then the

cardinality of F is

1.0

2.1

3. strictly greater than 1 but finite
4. infinite

4
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38.

Suppose f is holomorphic

z,€C. Given that the

in an open
neighbourhood of

series > f("(z,)converges absolutely, we
n=0
can conclude that
1. fis constant
2. f is a polynomial
3. f can be extended to an entire function

4. f(X)eRforall xe R

PART - C

39.

40.

41.

42.

Let f =u+IV be an entire function where u,v

are the real and imaginary parts of f
respectively. If the Jacobian  matrix

_ u,(@) u,(a) is symmetric for all acC , then
tv(@ v
1. fis a polynomial.
2. fis a polynomial of degree <1.
3. fis necessarily a constant function
4. f is a polynomial of degree strictly greater
than 1.

sin(nz/2)
sin(zz)

Consider the function f(2)=
Then f has poles at

1. all integers

2. all even integers

3. all odd integers
4. all integers of the form 4k+1, keZ

Consider the M 0 bius transformation
1 .
f(z)==,z€C, z#0. If C denotes a circle
YA

with positive radius passing through the origin,
then f map C\{0} to

1. acircle

2. aline

3. a line passing through the origin

4. a line not passing through the origin

For which among the following functions f(z)

defined on G=C\{0}, is there no sequence of
polynomials approximating f(z) uniformly on
compact subsets of G?

1. exp(2) 2.1/z

3.7 4.1/7°

Ph: 9876788051, 9650838031

DECEMBER - 2017

PART - B

43.

44,

45.

46.

47.

The function f ; C — C defined by
f(z) = e’ +e” has

1. finitely many zeros

2. no zeros

3. only real zeros

4. has infinitely many zeros

Let f be a holomorphic function in the open
unit disc such that lim,_,,f(z) does not exist.

Let Z::O anz“ be the Taylor series of f about

z = 0 and let R be its radius of convergence.
Then

1.R=0
3.R=1

2.0<R<1
4.R>1

Let C be the circle of radius 2 with centre at
the origin in the complex plane, oriented in the
anti-clockwise direction. Then the integral

dz . |
§C—2 IS equa to

(z-1

1. i 2. 2mi
27

3.1 4.0

Let D be the open unit disc in the complex

plane andU =D\ —11 . Also, let
2 2

H; = {f : D—»C | f is holomorphic and bounded}

and H,={f : U —» C | fis holomorphic and
bounded}. Then the map r : H; — H, given by
r(f) = f|y, the restriction of f to U, is

1. injective but not surjective

2. surjective but not injective

3. injective and surjective

4. neither injective nor surjective

PART -C

Let f

A={ze(C|f(”)(z)=0 for some positive integer n}.
Then

1. if A=C, then fis a polynomial

be an entire function. Consider

2. if A=C, then fis a constant function

3. if Ais uncountable, then f is a polynomial

4. If A is uncountable, then f is a constant
function
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48.

49,

50.

Let f:C—C be a holomorphic function and let u
be the real part of f and v the imaginary part of
f. Then, for x,yeR. |f' (x+ 1y)|?it equal to

2 2 2
1. u; +u 2. Uy +V,

2 2
3. vy +V,

<N X N

y
2
+Uy 4. v

Let p(z) = 2" +aps 2" + ...+ ag, Where a, ...,
a,.; are complex numbers and let

q(z) = 1 +anq z+...+ agz". If |p(z)|<1 for all z
with |z| < 1 then

1. |9(z)| = 1 for all z with |z| <1

2. q(z) is a constant polynomial

3. p(2) = " for all complex numbers z

4. p(2) is a constant polynomial

Let f be a non-constant entire function and let
E be the image of f. Then

1. E is an open set

2. E N {z:|z|<1} is empty

3. ENR is non — empty

4. E is a bounded set

JUNE - 2018

PART - B

51.

52.

53.

eZ
The value of the integral if ——dz is
fl—z|=1 -1
1.0 2. (mi)e

3. (zi)e—(zi)e™ 4 (e+e™)

Let f:{z/|z|<1}—C be a non-constant
analytic function. Which of the following
conditions can possibly be satisfied by fo

1. f[lj: f[_—lj=i2‘v’ neN
n n n

- G (-
n n 2n+1

Jb
n

<2V neN
4.i< <iVneN

i f@ i

Consider the map @:.C\{1} — C given by

VneN

1+z
o(2) = 1 Which of the following is true?

1 o({zec|lzl<1}) c{zeC ||zl <1}

Ph: 9876788051, 9650838031

2. p({z eC | Re(z) < 0))={zeC | Re(z) < 0}
3. @ isonto
4. @ (Q\{1}) = C\ {-1}

54. Suppose that f is a non constant analytic
function defined over C. Then which of the
following is false?

1. fis unbounded

2. f sends open sets into open sets

3. there exists an open connected domain U
on which f is never f|u attains its minimum
at one point of u

4. the image of fis dense in C

PART - C

55. Let Q be an open connected subset of C. Let
E ={z, 25, ..., z} < Q. Suppose thatf: Q —
C is a function such that g is analytic.
Then f is analytic on Q if
1. fis continuous on Q
2. fis bounded on Q
3. for every j, if > a (z-z;)"is Laurent

meZ
series expansion of f at z;, then a, = 0 for
m=-1,-2,-3, ...
4. for every j, if Zam (z—z;)" is Laurent
meZ
series expansion of f at z;, thena; =0
56. Suppose that f: C — C is an analytic function.
Then f is a polynomial if
1. foranypointa e C, if
f(2) :Z:an (z—a)" is a power series
expansion at a, then a, = O for at least
onen

2. lim |f(2)] =
|z] >

3. lim [f(2)| = M for some M
|Z|—>oc

4. |f(z)|] < M|z|" for |z| sufficiently large and
for some n

57. Let D be the open unit disk centered at 0 in C

and f: D —» C be an analytic function. Let f = u
+ iv, where u, v are the real and imaginary
parts of f. If f(z) = Ya,z" is the power series of
f, then f is constant if

1. fis analytic
2.u(1/2)>u(z) YzeD
3. The set {n € N|a, = 0} is infinite

www.infostudy.co.in
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4, For any closed «curve y in D,
IL)di:wae D with [a] > =
(z-a) 2

4

58. Which of the following statements are true?

. o k .
1. If {a} is bounded then Zoakz defines
an analytic function on the open unit disk
2. If Zoakz defines an analytic function

on the open disk then {a,} must converge
to zero

3. 1tf(2)=>az"andg(z)=> bz*
are two power series functions whose

radii of convergence are 1, then the
product f.g has a power series

representation of the form Z:Ckzk on
the open unit disk
4. If f(2) :Z:akzk has a radius of

convergence 1, then f is continuous on
Q={ze(]|z]<1}

DECEMBER - 2018

PART - B

59. Consider the polynomials p(z), q(z) in the

complex variable z and let

I :j;p(z)@dz, where y denotes the

closed contour ¥(t)=e",0<t<2x. Then

1. |zm = O for all positive integers m,n with
m#n

2. 1, ., =27 forall positive integers n

3. 1,, =0 forall polynomials p

4.

g = p(0)q(0) for all polynomials p,q

60. Let y(t)=3e",0<t<27 be the positively

oriented circle of radius 3 centred at the
origin. The wvalue of A for which

A 1 _
ffz—20|22§22—52+45IZ ®

' Y

1./1=_—1 2. A=0
3

3./”t:1 4. A=1
3

Ph: 9876788051, 9650838031

63.

64.

65.

61. Letf: C —» C be a non-constant entire function
and let Image (f) = {weC:3 zeC such that
f(z)=w}. Then
1. The interior of Image (f) is empty
2. Image (f) intersects every line passing

through the origin
3. There exists a disc in the complex plane,
which is disjoint from Image (f)
4. Image (f) contains all its limit points
PART - C
62. Let H denote the upper half plane, that is,

H={z=x+1iy:y>0}. Forz € H, which of the
following are true?

1
1. —eH

z

1

2. —eH
22

3. —eH
z+1
yA

4. eH
2z +1

Let f : € »> C be an analytic function. Then
which of the following statements are true?

1. IfJf(z)] < 1 for all z € C, then f ' has

infinitely many zeroes in C

2. If f is onto, then the function f (cos z) is
onto

3. Iffis onto, then the function f(e®) is onto

4. If f is one-one, then the function
f(z* + z + 2) is one-one

Consider the entire functions f(z) = 1+z +z*°

and g(z) = e, zeC. Which of the following
statements are true ?

imy [ £(2) =0
cMimy 19(2) =

. £ '({z€C: |z|<R}) is bounded for every R>0
.9 ({z€C: |z|<R}) is bounded for every R>0

=

A W DN

Which of the following statements are true?
1. tan z is an entire function

2. tan z is a meromorphic function on C

3. tan z has an isolated singularity at

4. tan z has a non-isolated singularity at oo
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JUNE - 2019

PART - B

66.

67.

68.

69.

Let C be the counter-clockwise oriented

1 .
circle of radius E centred at 1 =+/—1. Then

the value of the contour integral § 2 is
cx" -1
1. -n/2 2. 1/2

3.-n 4.1

Consider the function f ;: C — C given by
f(z) = €. Which of the following is false?

1. f({z e C: |z|< 1}) is not an open set
2. f({z e C:|z| £1}) is not an open set
3. f(fz e C:|z|=1})is a closed set
4

ffz € C : |z] > 1}) is an unbounded
open set

Given a real number a > 0, consider the
triangle A with vertices 0, a, a + ia. If A'is
given the counter clockwise orientation,

then the contour integral j; Re (z) dz (with

Re (z) denoting the real part of z) is equal
to
.a’
1.0 2. 1—
2

_— . 3a’
3. ia 4, i
2

Let f : C - C be an entire function such

9

the following is true?

1. fis constant

2. f can have infinitely many zeros

3. f can have at most finitely many zeros
4. f is necessarily nowhere vanishing

that lim =o0. Then which of

x—0

PART -C

70.

Let f(z) = (z° + 1) sin z° for z e C. Let f(z) =
u,y)+iv(xy),wherez=x+iyandu,v
are real valued functions. Then which of the
following are true?

1. u:R*>5Ris infinitely differentiable

2. u is continuous but need not be
differentiable

3. uis bounded

Ph: 9876788051, 9650838031

71.

72.

73.

74.

4. f can be represented by an absolutely

. o0
convergent power series ZH a,z" for

allze C

Let Re(z), Im(z) denote the real and

imaginary parts of z € C, respectively.
Consider the domain

Q={ze C:Re(z) >|Im (2)]} and let f, (z) =
log z", where n € {1, 2, 3, 4} and where log

: C\ (-0, 0] > C defines the principal
branch of logarithm. Then which of the
following are true?

1.1,(Q)={ze C:0<|Im (2)] < n/4}
2., (Q)={ze C:0<|Im (2)| < n/2}
3.1:(Q)={zeC:0<|Im (2)| < 3n/4}
4.1,(Q)={ze C:0<|Im (2)| <=}

Consider the set

F={f: C—> C|fis an entire function,
[f'(z)| < [f(2)| for all z € C}.

Then which of the following are true?
1. F is a finite set

2. Fis an infinite set
3.F={Be”:peC,acC}

4. F={pe*:B e C, |o| <1}

LetD={z € C | |z] <1} and ® € D. Define

w—1

Fo:D—>Dby F, (2)= . Then which

1-wz

of the following are true?

1. Fis one to one 2. F is not one to one
3. Fisonto 4. F is not onto

DECEMBER - 2019

PART - B

¢
Forze C let f(z)=1 7 itz20.

0 otherwise.

Then which of the following statements is

false?

1. f(2) is continuous everywhere

2. f(z) is not analytic in any open
neighbourhood of zero

3. zf(z) satisfies the Cauchy-Riemann
equations at zero

4. f{(z) is analytic in some open subset of

C
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75.

76.

77.

Let T : C —»> My(R) be the map given by

T(2) =T (x+iy) :[_; y}

X

Then which of the following statements is

false?

1. T(z122) = T(z1) T(z,) for all z3, z, € C

2. T(z) is singular ifand only if z=0

3. There does not exist non-zero A e
M,(R) such that the trace of T(2)A is

zeroforallz e C
4. T(z, + 25) = T(z1) + T(zp) for all z3, 2, €

C

Consider the polynomial f(z) = z° + az +
p'', where a € Z\{0} and p > 13 is a prime.
Suppose that a’ < 4p'. Which of the
following statements is true?

1. f has a zero on the imaginary axis

2. f has a zero for which the real and
imaginary parts are equal

3. f has distinct roots

4. f has exactly one real root

Let f : C - C be an entire function with

1 1
f(—j =— for all n e N. Then which of
n n

the following statements is true?
1. No such f exists
2. such an f is not unique

3.f(z) =z forallze C
4. f need not be a polynomial function

PART -C

78.

Let U be an open subset of Cand f: U —

C be an analytic function. Then which of

the following are true?

1. If f is one-one, then f(U) is open in C

2. Iffis onto, then U = C

3. If fis onto, then f is one-one

4. f(U) is closed in C, then f(U) is
connected

Ph: 9876788051, 9650838031

79. Let f : C — C be an analytic function. For
Zo € C, which of the following statements
are true?

1. can take the value z, at finitely many
o1
pointsin —|neN
n
2. f(n) =z, forall n e N = fis the
constant function z,
3.f(n) =z, foralne N = fis the
constant function z,
4. f(r)=2zo forallre Q N[1, 2] = fis the
constant function z,

80. Let U < C be an open connected set and
f. U — C be a non-constant analytic
function. Consider the following two sets:
X={z e U:f(z) =0}

Y = {z € U : f vanishes on an open
neighbourhood of z in U}
Then which of the following statements are
true?
1. Xis closed in U
2.Yisclosed inU
3. X has empty interior
4.Y is open in U
81. Consider the power series
0 Z2n+l
f(z)=> (1" . Which of the
n=0 (Zn)l
following are true?
1. Radius of convergence of f(z) is infinite
2. The set {f(x) : x € R} is bounded
3. The set {f(x) : -1 < x < 1} is bounded
4. f(z) has infinitely many zeroes
JUNE — 2020
PART - B
82. Let y be the positively oriented circle in the

complex plane given by
{ze Clz-1]=1}.

1 J dz
Then — - | —3 , equals
27 5 24 1%
1.3 2.1/3
3.2 4.1/2
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83. For a positive integer p, consider the
holomorphic function
sinz
f (Z) = —pfor Z e C\{O}
z
For which values of p does there exist a
holomorphic function g : C\{0} — C such
that f(z) = g'(z) for z € C\{0}?
1. All even integers
2. All odd integers
3. All multiples of 3
4. All multiples of 4
84. Let y be the positively oriented circle in the
complex plane given by {z e C: |z - 1] =
1/z
o VAS
1/2}. The line mtegralj. 5 1dZ equals
Y Z =
1. ine 2. -ine
3. e 4. -te
85. Let p be a positive integer. Consider the
closed curve r(t) = e", 0 <t < 2. Let f be a
function holomorphic in {z: |z| < R} where
R > 1. If f has a zero only at z,, 0 < |zg] <
R, and it is of multiplicity g, then
1 cf'(z
— ( )Zpdz equals
2a 7 f(z2)
1. qzy 2. 2,9"
3. pz, 4. z,p°
PART - C
. 1 .
86. For z = -, let f(z)=exp| —— |—1.Which
Z+I
of the following are true?
1. f has finitely many zeroes
2. f has a sequence of zeroes that
converges to a removable singularity
of f
3. f has a sequence of zeroes that
converges to a pole of f
4. f has a sequence of zeroes that
converges to an essential singularity
of f
87. Let f be a holomorphic function on the

open unit disc

D ={z € C: |z| < 1}. Suppose that |f| > 1
on D and f(0) =i.

Ph: 9876788051, 9650838031

88.

89.

90.

91.

92.

Which of the following are possible values

of f (lj’?
2

1. i 2.0
3.1 4. -1

Let D = {z € C: |z| < 1} be the open unit
disc and let f : D — D be a holomorphic
function. Suppose that f(0) = 0 and f '(0) =
0. Which of the following are possible

values of f (1}
2

1.1/4 2.-1/4
3.1/3 4.-1/3

Let n be a positive integer. For a real
number '

R>1,let z(8)= Re®, 0< 6 < 2m.

The set

{6 <0 2n) : [2(0)" + 1] = [z(0)" - 1}
contains which of the following sets?

1.{6 € [0, 2x): cos n6 = 1}

2.{6 € [0, 2n): sin n = 1}

3.{6 € [0, 2x): cos n6 = -1}

4.{6 € [0, 2n): sin n6 = -1}

JUNE = 2021

PART -B

Let f(z) be a non-constant entire function
and z = x + iy. Let u(x, y), v(x, y) denote its
real and imaginary parts respectively.
Which of the following statements is
FALSE?

1. uc=vyand uy = -v,

2. uy = vy and uy = -vy,

3.F(x +iy)[ = Uy, ¥)2 + V(. )°

4. [F(x + iy)|” = uy(x, ¥)* + vy(x, ¥)°

Let f be a rational function of a complex
3
variable z given by f (z) _r+2z-4

The radius of convergence of the Taylor
seriesoffatz=11is

1.0 2.1

3.2 4. oo

Let y be the positively oriented circle

{zeC: |z| = 3/2}.
Suppose that

in

[ o dz=2siC.
7(2-1)(z-2i)

10
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93.

Then |C| equals
1.2 2.5
3.1/2 4.1/5

Let DcC be the open disc {z €C: |z] < 1}
and O(DD) be the space of all holomorphic
functions on D. Consider the sets

g
A=lfe O(D): f| —|=
n

e " if niseven
0 if nisodd '

B={f e OD):f(1/n)=(Nn-2)/(n—-1),n>
2}.
Which of the following statements is true?
1. Both A and B are non-empty

2. A is empty and B has exactly one
element

3. A has exactly one element and B is
empty

4. Both A, B are empty

for nzz}

PART -C

94.

95.

For any complex valued function f, let Dg
denote the set on which the function f
satisfies  Cauchy-Riemann equations.
Identify the functions for which Dy is equal

to C.

@ f@)=—12

1+|z|
(2) f(z) = (cos ax — sin ay) + i(sin ax +

cos ay), where z = x + iy
1

@) f(2)= e ifzz0
0 if z=0
(4) f(z) =x° +iy’, where z=x + iy

Let T denote the unit circle {z €C: |z| = 1}
in the complex plane and let D be the

open unit disc {z €C: |z| < 1}. Let R denote
the set of points z, in T for which there
exists a holomorphic function f in an open

neighbourhood UZOof Zo such that

f(z)= Z::o z*"in U, ND. Then R

contains

(1) All points of T

(2) Infinitely many points of T

(3) All points of T except a finite set

Ph: 9876788051, 9650838031

96.

97.

98.

99.

100.

(4) No points of T
Consider the function

H m

£(2) =MD" 000 <2< Lwhere

(1-cos z)"
m, n are positive integers. Thenz=0is
(1) A removable singularity if m > 2n
(2) A poleif m<2n
(3) Apoleifm=>2n
(4) An essential singularity for some
values of m, n

Let f be an entire function such that

|zf(z) =1 + €*| <1 + |z| forall z eC. Then
(1) f(0) = -

(2) £(0) = -1/2

(3) "(0) = -1/3

(4)f"(0)=-1/4

JUNE — 2022

PART - B

If | €% |=1for a complex number z=x + iy,

X, ¥ € R, then which of the following is
true?
1. x = nx for some integer n

T
2. y=(2n +1)Efor some integer n
3. y = nx for some integer n

V4
4. x=(2n+1) 5 for some integer n

ZZ

Let f(z)=(- z)e[Z+2J =1+>" az".

n=1 N
Which of the following is false?

(%]
4+
1. f'(z)=-z%" °*

2. a; = a,

3. a, € (-, 0]

4. ZZO:J a |<1

Let f be a non-constant entire function
such that |f(z)| = 1 for |z| = 1. Let U denote
the open unit disk around 0. Which of the
followng is False?

1. f(O=C

2. fhas atleast one zeroin U

3. f has atmost finitely many distinct

zeroes in C
4. fcan have a zero outside U

11
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(n)

101.  For a positive integer n, let f7 denote the
n"™ derivative of f. Suppose an entire
function f satisfies f ® + f = 0. Which of the
following is correct?

1. (f ™(0))n1 is convergent

2. lim . f® @0 =1

3. limy,..f™©0)=-1

4. (If™(0)])ns1 has a convergent
subsequence

PART-C

102.  For a bounded open connected subset Q
of C, let f: Q— C be holomorphic. Let (zy)
be a sequence of distinct complex
numbers in Q converging to z,. If f(z)) = 0
for all k > 1 then which of the following
statements are necessarily true?

1. If fis non-zero, then zy € 0Q

2. There exists r > 0 such that f(z) = O for
every z € Q satisfying |z — zo| < r

3. If zg € Q, there exists r > 0 such that
f(z)=00on|z—2z| =r

4. Zg € o0Q

103. Let f be an entire function such that f(z)2 +
fi(z)> = 1. Consider the following sets
X={z:f(z)=0}, Y ={z:f(z) + f(z) = 0}.
Which of the following statements are
true?

1. Either X or Y has a limit point

2. If Y has a limit point, then f' is constant
3. If X has a limit point, then f is constant
4. f(z) e {1, -1} forallz e C

104. Let U be a bounded open set of C
containing 0. Let f : U — U be holomorphic
with f(0) = 0. For n e N, let f" denote
the composition of f done n times, that is,

f'=fo..ofwhile f denotes the
%/_/
ntimes
derivative of f. Which of the following
statements are true?
1. (f")(0) = (f(0))"
2. f"(U)ycU
3. The sequence ((f'(0))"), is bounded
4.1f(0)| <1
105.  For an open subset Q of C such that 0

Q, which of the following statements are
true?

1. {e*: z € Q} is an open subset of C
2.{|e’| : z € Q} is an open subset of R

Ph: 9876788051, 9650838031

106.

107.

108.

109.

3. {sinz: z € O} is an open subset of C
4. {|sinz| : z € Q} is an open subset of R

JUNE — 2023
PART - B
Let C be the positively oriented circle in

the complex plane of radius 3 centered at
the origin. What is the value of the integral

J e,
cz’(e*-e?)
1) in/12

(3) in/6

(2) -in/12
() -in/6

Consider the function f defined by

1
f(z) = ———— for z e C such that
1-z-2

1 -z — z* = 0. Which of the following
statements is true?

(1) fis an entire function

(2) fhasasimple poleatz=0

(3) f has a Taylor series expansion

f(2) =Z::0anzn, where coefficients

a, are recursively defined as follows:
ap =1, a; =0 and a,+» = a, + an for
n>0
(4) f has a Taylor series expansion
_ © n ..
f(2) _anoanz , where coefficients

a, are recursively defined as follows:
ap=1,a, =1and a,;, = a, + ap for
n>0

Let f be an entire function that satisfies
[f(z)] < € forall z=x + iy € C, where x,

y € R. Which of the following statements
is true?

(1) f(z) = ce™ for some ¢ e C with || < 1
(2) f(z) = ce” for some ¢ e C with |c| < 1
(3) f(z) = e for some ¢ e C with |c| < 1
(4) f(z) = e for some ¢ e C with |c| < 1

Let f(z)=exp(z+£), z € C\{0}. The
z

residue of fatz=0is

.1
M 2o

.1
@) ZI:Ou(l +1)

12
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110.

111.

112.

. 1
® leou(l +1)!

0 1
(4) leom 113.

PART -C

Let f(z) be an entire function on C. Which
of the following statements are true?

(1) f(Z)is an entire function

(2) f(2)is an entire function

(3) f(Z)is an entire function

4) f(2)+ f(2)is an entire function

114.

Let D = {z € C: |z|] < 1} be the open unit

disc and C the positively oriented

boundary {|z| = 1}. Fix a finite set {z1, z,,
., Zn} < D of distinct points and consider

the polynomial

902)=(z-21)(z-22) ... (2~ 2)

of degree n. Let f be a holomorphic

function in an open neighbourhood of I

and define

P(z) =
-2)9(¢)

Which of the followmg statements are

true?

(1) P is a polynomial of degree n

(2) P is a polynomial of degree n—1 116.

(3) P is a rational function on C with poles
at zy, z,, ..., Zn
(4) P(z)) =f(zj)forj=1,2,...,n

Let D = {z € C: |z] < 1}. Consider the

following statements.

(@) f:D — D be a holomorphic function.
Suppose a, B are distinct complex
numbers in D such that f(a) = o and
f(B) =B. Thenf(z) =z forall z € D.

(b) There does not exist a bijective
holomorphic function from D to the
set of all complex numbers whose
imaginary part is positive.

(c) f:D — D be a holomorphic function.
Suppose a € D be such that f(a)) = a
and f(o) = 1. Then f(z) =z forall z

D. 117.

Which of the following options are true?
() (@), (b) and (c) are all true.

Ph: 9876788051, 9650838031

I (g)g(g”) 92) 4 115.

(2) (a) is true.
(3) Both (a) and (b) are false.
(4) Both (a) and (c) are true.

Letf:{z:|z| <1} > {z:|z] £ 1/2} be a
holomorphic function such that f(0) =
Which of the following statements are
true?

D) If(2)] < |z| forall zin{z: |z| < 1}.

@ | f(2) g ‘%‘ forallzin{z:|z] <1}

B If(z)|<1/2forall z in{z:|z| <1}
(4) It is possible that f(1/2) = 1/2.

DECEMBER - 2023

PART -B

Let H = {z € C: Im(z) > 0} denote the

upper half plane and let f : C —» C be
defined by f(z) = e”. Which one of the
following statements is true?

(2) f(H) = C\{0}.

(2) f(H) N H is countable.

(3) f(H) is bounded.

(4) f(H) is a convex subset of C.

How many roots does the polynomial
7' -502° + 40z"° + 62 + 1

have in the open disc {z € C: |z| < 1}?
(2) 100 (2) 50
(3) 30 40

Let f be a meromorphic function on an
open set containing the unit circle C and
its interior. Suppose that’s f has no zeros
and no poles on C and let n, and ng
denote the number of poles and zeros of f
inside C respectively. Which one of the
foIIowing is true?

(zf)
1 — _
()ijc r dz=n,—n, +1.

(zf) .
) Z—ML—dz—no—np—l.

27 ¢ zf P’
1 (zf) B
( )ﬁjc_zf dz=n,-n,
Let f : C - C be a real-differentiable

function. Define u, v : R> > R by u(x, y) =

13
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118.

1109.

120.

Re f(x +iy) and v(X, y) = Im f(x + iy), X, y €
R.

Let Vu = (uy uy) denote the gradient.
Which one of the following is necessarily
true?

(1) Forcy, c; € C, the level curves u = ¢,
and v = ¢, are orthogonal wherever
they intersect.

(2) Vu.Vv=0 atevery point.

(3) If fis an entire function, then Vu . Vv
=0 at every point.

(4) If Vu. Vv =0 at ever point, then f is
an entire function.

PART - C

Let Oy ={z € C: |zl < 1} and ), = C.

Which of the following statements are

true?

(1) There exists a holomorphic surjective
map f: Q; — Q,.

(2) There exists a holomorphic surjective
map f: Q, —» Q.

(3) There exists a holomorphic injective
map f: Q; — Q,.

(4) There exists a holomorphic injective
map f: Q, —» Q.

For every n > 1, consider the entire
k

yA
function pn(z):z:zoﬁ.Which of the

following statements are true?
(1) The sequence of functions (Pn)ns1
converges to an entire function

uniformly on compact subsets of C.

(2) For all n > 1, p, has a zero in the set
{z e C: |z £2023}.

(3) There exists a sequence (z, of
complex numbers such that
lim|z, |=0cand py(z,) = 0 for all
n—o

nx1.
(4) Let S, denote the set of all the zeros

of pn. If &, =min|z|, then a, - » as

zeS,

n — oo.

Let X be an uncountable subset of C and

let f : C » C be an entire function.
Assume that for every z € X, there exists
an integer n > 1 such that f(”)(z) = 0. Which
of the following statements are necessarily
true?

Ph: 9876788051, 9650838031

121.

1) f=0.
(2) fis a constant function.
(3) There exists a compact subset K of C

such that f (K) is not compact.
(4) fis a polynomial.

For an integer k, consider the contour

z
lle—kdz.Which of the
217

following statements are true?
() I, = O for every integer k.
@) Ik=0ifk > 1.
(3) [Ikl £ |lks+1| for every integer k.
@ lim |1, |=oo.

k—o0

integral |, :J}

14

www.infostudy.co.in



(i)

I nfOStu dy BE INFORMED BE LEARNED

1.(1)
4.(2)

7. (3)

10. (1,2,4)
13. (1)

16. (1,2,3,4)
19. (3)
22. (3)
25. (1,2,3,4)
28. (3)
31. (2,3)
34. (1,2,4)
37. (1)
40. (3,4)
43. (4)
46. (3)
49. (1,2,3)
52. (1)
55. (1,3)
58. (1,3)
61. (2)
64. (1,3)
67. (1)

70. (1,4)
73.(1,3)
76. (3)

79. (1,2,4)
82. (2)

85. (1)

88. (1,2)
91. (2)

94. (3)

97. (2,3)
100. (4)
103. (1,3)
106. (4)
109. (3)
112. (2,4)
115. (3)
118. (1,3)
121. (2)

ANSWERS

2. (1)
5.(1,2,3)

8. (3)

11. (1,2,3,4)
14. (3)

17. (1,2,3,4)
20. (2)

23. (1,2,4)
26. (1,2,4)
29. (4)

32. (2,4)
35. (3)

38. (3)

41. (2,4)
44. (3)
47.(1,3)
50. (1,3)
53. (4)

56. (1,2,3,4)
59. (3)

62. (4)

65. (2,4)
68. (2)

71. (1,2,3,4)
74. (4)

77. (3)

80. (1,2,3,4)
83. (2)

86. (4)

89. (3)

92. (4)

95. (2,3)
98. (2)

101. (4)
104. (1,2,3,4)
107. (4)
110. (3)
113. (1,2,3)
116. (1)
119. (1,3,4)

3.
6. (1,3)

9. (2)

12. (1,2,3)
15. (2)

18. (2,3)
21. (2)
24. (3,4)
27. (3)
30. (2)
33.(1,2)
36. (2)
39. (1,2)
42. (2,4)
45. (4)
48.(1,2,3,4)
51. (2)
54. (3)
57.(1,2,4)
60. (1)
63. (1,2)
66. (1)

69. (3)

72. (2,4)
75. (3)

78. (1)

81. (1,3,4)
84. (1)

87. (2)

90. (2)

93. (2)

96. (1,2)
99. (4)
102. (1,3)
105.(1,2,3)
108. (1)
111. (4)
114. (3)
117. (3)
120. (4)

Ph: 9876788051, 9650838031

15

www.infostudy.co.in



