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PART - B

1.

Let {b,} and {c.} be sequences of real
numbers. Then a necessary and sufficient
condition for the sequence of polynomials

f (xX)=b,x+c, x* to converge uniformly to
0 on the real line is
1. limb, =0 and limc, =0

N—o0 n—

2. Zn:1| b, |< o and Zn:l' C, <

3. There exists a positive integer N such that
b,=0 and c,=0 for all n> N

4. limc, =0

n—o

Let k be a positive integer. The radius of
» (nh*

()" o
=0 (kn)!

1.k 2. k*
3. kk 4. ©

convergence of the series Z

Suppose P is a polynomial with real

coefficients. Then which of the following

statements is necessarily true?

1. There is no root of the derivative p’
between two real roots of the polynomial
p.

2. There is exactly one root of the derivative
p’ between any two real roots of p .

3. There is exactly one root of the derivative
p’ between any two consecutive roots of
p.

4. There is at least one root of the derivative
p’ between any two consecutive roots of

p.

Let G={(x, f(x)):0<x<1} be the graph
of a real valued differentiable function f.
Assume that (1,0)€G. Suppose that the

tangent vector to G at any point is
perpendicular to the radius vector at that point.
Then which of the following is true?

1. G is the arc of an ellipse.

2. Gis the arc of a circle.

3. Gis a line segment.

4. G is the arc of a parabola.

Let QcR" be an open set and f:Q—>R
be a differentiable function such that (Df)(x)=0
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for all X € Q). Then which of the following is

true?

1. f must be a constant function.

2.f must be constant on
components of Q.

3.f(x)=0or1for XeQ.
4. The range of the function f is a subset of Z.

connected

Let {a,:n>1} be a sequence of real

numbers such that anlan is convergent and
Z::J a, | is divergent. Let R be the radius of

. o0
convergence of the power series Zn—lanxn'

Then we can conclude that
1. 0<R<1 2.R=1
3.1<R<w 4, R=e

Let E be a subset of R. Then the characteristic

function yg: R — R is continuous if and only if
1. Eis closed

2. Eis open

3. E is both open and closed

4. E is neither open nor closed

PART - C

8.

Suppose that P is a monic polynomial of
degree n in one variable with real coefficients
and K is a real number. Then which of the
following statements is/are necessarily true?

1. If nis even and K>0, then there exists

X, € R such that P(xo)=K e

2. If nis odd and K < 0, then there exists
X, € R such that P(xo)=Ke™

3. For any natural number n and 0< K<1,
there  exists X, €R  such that
P(x,) = Ke™

4. Ifnisodd and K e R, then there exists
X, € R such that P(x,) = Ke*

Let {a} be an unbounded, strictly increasing
sequence of positive real numbers and

X, =(a., —a,)/a,,,. Which of the following

statements is/are correct?

a
1. Forall n>m, Z: X >1-—"
- a

n

2. There exists N>m such that > x, > 1

3. Zk:lxk converges to a finite limit
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10.

11.

12.

13.

14.

4. Z:;lxk diverges to «

For a non — empty subset S and a point x in a

connected metric  space  (X,d), let

d(x,S)=inf{d(x,y): y € S}.

Which of the following statements

correct?

1. If Sis closed and d(x,S)>0 then x is not
an accumulation point of S

2. If Sis open and d(x,S)>0 then x is not an
accumulation point of S.

3. If Sis closed and d(x,S)>0 then S does
not contain x

4. If Sis open and d(x,S)=0then X€S.

is/are

Let f be a continuously differentiable function
on R. Suppose that L =Ilim(f(x)+ f'(x))
X—>00

exists. If O<L<e«, then which of the following
statements is/are correct?

1. 1f lim f'(X) exists, then itis O

X—»00

2.1f im f (x) exists, theniitis L
X—»00

3. If lim f'(x) exists, then lim f (x) =0

X—>00

4.1f lim f (X) exists, then lim f'(x) =L

X—»00

Let A be a subset of R. Which of the following
properties imply that A is compact?

1. Every continuous function f from A to R is
bounded.

2. Every sequence {x,} in A has a convergent
subsequence converging to a point in A.

3. There exists a continuous function from A
onto [0,1].

4. There is no one-one and continuous
function from A onto (0,1).

Let f be a monotonically increasing function

from [0,1] into [0,1]. Which of the following

statements is/are true?

1. f must be continuous at all but finitely
many points in [0,1].

2. f must be continuous at all but countably
many points in [0,1].

3. fmust be Riemann integrable.

4. fmust be Lebesgue integrable.

Let X be a metric space and f : X — R be a
continuous function. Let G= {(x,f(x): X e X}

be the graph of f. Then
1. G is homeomorphic to X

2. G is homeomorphic to R
3. G is homeomorphicto X x R
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15.

4. G is homeomorphic to R x X

Let X ={(a,b) eR*:a*+b* =1} be the unit
circle inside R%. Let f:X >R be a

continuous function. Then:

1. Image (f) is connected

2. Image (f) is compact

3. The given information is not sufficient to
determine whether image (f) is bounded

4. f is not injective

JUNE — 2015
PART-B
16. The sum of the series
1 1+2 1+2+3
—+ + S T equals
1 2! 3
e 3e e
1. € 2. — 3. — 4. 1+—
2 2

17.

18.

19.

20.

1 2X 5
The limit lim — je‘t dt
Xx—0 X “

1. does not exist.

2. is infinite.

3. exists and equals 1.
4. exists and equals 0.

Let f: X — X such that

f(f(x))=x for all xe X.Then

1. f is one to-one and onto.

2. fis one to-one ,but not onto

3. f is onto but not one-to-one.

4. f need not be either one-to-one or onto.
A polynomial of odd degree with real
coefficients must have

1. at least one real root.

2. no real root.

3. only real roots

4. at least one root which is not real.

Let for each n21, C, be the open disc in R?,
with centre at the point (n,0) and radius equal

ton. Then C = UCn is

n>1
1.{(x,y) € R*:x>0and |y| <x}
2.{(x,y) € R*:x>0and |y| < 2x}
3.{(xy) € R*:x>0and |y| < 3x}
4.{(xy) € R®*:x>0}
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PART - C

21.

22.

23.

24,

25.

Let a be positive real number. Which of the
following integrals are convergent?

1..a[idx 2. a‘idx

OX4 0\/;

For n 2 1, let gn(X)=Sin2(X+%j,XE[O,OO)

and f (X)= j g, (t)dt. Then
0

1. {f,} converges pointwise to a function f on
[0,20), but does not converge uniformly
on [0, ).

2. {f,} does not converge pointwise to any
function on [0, c0).

3. {fi} converges uniformly on [0,1].

4. {f.} converges uniformly on [0, ).

Which of the following sets in R? have positive
Lebesgue measure?

For two sets A, B c R?,
A+B={a+b|acA beB}
1S ={xy)| x* +y’ =1}
2.S={(xy)| X’ +y* < 1}

3. S={xyI x =y} +{xy)| x=-y}
4. S ={(xy)| x =y} +{(x.y) x =y}

Let f be a bounded function on R and a €R.
For 6 > 0, Let w(a, 8) = sup|f(x)-f(1)|, xe][a-5,
a+d]. Then

1. w(a,d;) S w(a,d,) if 5, <5,

2.lim; ., w(a,0)=0 forallaeRr

3. lim w(a, d) need not exist.
4.lim; ,, @(a,0)=0if and only if f is
continuous at a.

50+

Fornz2,let a,6 = .Then

nlogn

1. The sequence {a,}_, is convergent.
2. The series Zn:z a, is convergent.

3. The series Z:;z aﬁ is convergent.

4.The series »'” (-1)"a, is convergent.
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26.

27.

Which of the following sets of functions are

uncountable? (N stands for the set of natural
numbers.)

1. {flf: N— {1,2}}
2. {flf: {1,2}— N}
3.{fIf: {1,2)— N, f(1) < f(2)}
4. {f|f: N> {1,2}, f(1) < f(2)}

Let {ag,a;,a,,....} be a sequence of real
n
numbers. For any k 2 1, let S = o ok -
Which of the following statements are correct?
1. If lim S, exists, then Zm:o a,, exits.
2. If lim S, exists, then > a need
not exist.
3. If Y a exists then lim S exists.
4. |If Z::oam exists, then lim .S need

not exist.

DEC- 2015

PART - B

28.

29.

30.

For (x,y) € R? with (x, y) = (0,0), let 6 = 0 (x,y)
be the unique real number suchthat -7<6<
n and (x,y) = (r cos 0, r sin 0), where

r=4x° +y2 . Then the resulting function

0: RA{(0,0)} > R is

1. differentiable

2. continuous, but not differentiable
3. bounded, but not continuous

4. neither bounded, nor continuous

Let f : R - R be a twice continuously
differentiable function, with f(0)= f(1) =f'(0) = 0.
Then

1. f" is the zero function.

2. "(0) is zero.

3. f"(x) = 0 for some x € (0,1)

4. " never vanishes.

1 1 1 1
lim—= + ..+ i
”%\/ﬁ(\/ﬁﬂ/zl J4+46 \/ﬁ+\/2n+2jls
1
1. 42 2. —
V2
1
3.4V2+1 4,
x/§+1
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31.

32.

33.

1
Let S, = ZE:lE' Which of the following is
true?

n
1. S2n > —foreveryn>1.
2

n

S, is a bounded sequence

[y =S| >0 asn oo

w

2n—1

4, i_>1asn—>oo
n

Let A be a closed subset of R, A = ¢, A = R.
Then A is:

1. the closure of the interior of A.

2. a countable set

3. a compact set

4. not open

Let f: [0, ) — [0, «) be a continuous function.

Which of the following is correct

1. Thereis xq € [0, ) such that f(xo) = Xo

2. If f(x) < M for all x € [0, «) for some
M > 0, then there exists Xy € [0, o) such
that f(Xo) = Xo

3. If f has a fixed point, then it must be
unique

4. f does not have a fixed point unless it is
differentiable on (0, «)

PART -C

34.

35.

36.

Letf: R — R be a differentiable function such

that supycr |f'(x)] < «. Then,

1. f maps a bounded sequence to a
bounded sequence.

2.  f maps a Cauchy sequence to a Cauchy
sequence.

3. f maps a convergent sequence to a
convergent sequence.

4. fis uniformly continuous.

For (xy) e R? consider the series

2k, 0
!]mz:,k:o ‘ );|y '
converges for (x,y) in
1. (-1, 1) x (O, =)
3.(-1,1)x (-1, 1)

Then the series

2.Rx(-1,1)
4 RxR

Let f : R > R?® be given by the formula

f(xy) = (3x + 2y +y*+ [xyl, 2x + 3y + X" + |xy]).

Then,

1. fis discontinuous at (0,0).

2. f is continuous at
differentiable at (0,0).

(0,0) but not
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37.

38.

39.

40.

3. fis differentiable at (0,0).
4. fis differentiable at (0,0) and the derivative
Df (0,0) is invertible.

Let pn(x) = ax’ + bx be a sequence of

guadratic polynomials where a,, b, € R for all
n > 1. Let Ay, A; be distinct nonzero real
numbers such that lim,,.pn(ko) and
lim,_..pn(A1) exist. Then,

1. lim,_,pn(X) exists for all x € R.
2. lim,_..p'n(x) exists for all x € R.
, A, +
3. limps0 pn( 0 > Ai
A+ 4
2

j does not exist.

j does not exist.

4.lim,,., Py, (

Let t and a be positive real numbers. Define

Ba={X=(X1, X2, ..., Xn) € R™ [X¢2+x,7+...+ x> < a’}.
Then for any compactly supported continuous

function f on R" which of the following are
correct?

1. jBa f (tx) dx = jBB f (x)t"dx

2, jBaf(tx)dx=jBn f (x)tdx

3. jRn f (x+Y) dx:j;n f (x)dx, for some yeR".
a [ FOdx=[ f00t"dx.

Consider all sequences {f,} of real valued
continuous functions on [0, ). Identify which
of the following statements are correct.

1. |If {f;} converges to f pointwise on [0, ),

then lim__ jo Cf (x)dx= f: f (x) dx
2. If {f,} converges to f uniformly on [0, ),
then lim j: f(x)dx= j:’ f (x)dx

3. If {f;} converges to f uniformly on [0, ),
then f is continuous on [0, «).

4. There exists a sequence of continuous
functions {f,} on [0, «) such that {f.}
converges to f uniformly on [0, o) but

lim, . j: f(x)dxs j:’ f (x) dx.

Let G; and G, be two subsets of R? and
f: R? > R? be a function. Then,

1. 4G, U Gy =fYGy) U FY(Gy,)
2. YGy") = (F(Gy)°
3. f(G1 N Gy) =f(Gy) N f(Gy)

4
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41.

42.

43.

44,

45,

4. If Gyis open and G, is closed then
G +G,={x+y:x e Gy, Yy e Gy} is neither
open nor closed.

Let A = {(x,y) € R?: x+y # -1}. Define f:A - R?

y X
, . Then,
1+x+y 1+x+yj

1. the determinant of the Jacobian of f does
not vanish on A.

2. fisinfinitely differentiable on A.

3. fisone to one.

4. (1) = R%

by f(xy)=

Let f: R> > R® be the function
f(r, ©) = (r cos6, r sinB). Then for which of the

open subsets U of R? given below, f restricted
to U admits an inverse?

1.U=R?

2.U={(xy) e [Rzzx>0,y>0}
3. U={(xy) e R?:x*+y?< 1
4.U ={(x,y) [Rz:x<-l,y<—1}

Let S = R? be defined by

_ 1 1
S={ m+W’n 4Iq\ :m,n,p,qeZ}
Then,

1. Sisdiscrete in R?.
2. The set of limit points of S is the set

{(m,n) : m,n € Z}.
3. SC is connected but not path connected.
4. SCis path connected.

Which of the following statements is/are true?

1. There exists a continuous mapf: R - R
such that f (R) = Q.

2. There exists a continuous map f: R - R
such that f(R) = Z

3. There exists a continuous map f: R — R?

such that f(R) = {(x,y) € R? : x* + y*=1}.
4. There exists a continuous map

f:[0,1] U [2,3] - {0,1}.

Letf: (0, 1) > R be continuous. Suppose that

|f(x) —f(y)|<|cos x—cos y| for all x,ye(0,1). Then,
f is discontinuous at least at one point in
(0, 1).

2. fis continuous everywhere on (0, 1) but
not uniformly continuous on (0, 1).

3. fis uniformly continuous on (0, 1).

4. lim _, f(X) exists.

x4>0
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46.

47.

48.

49.

50.

51.

Consider the improper Riemann
X
integral J.O y2dy This integral is:

1. continuous in [0, o)

2. continuous only in (0, o)

3. discontinuous in (0, o)

4. discontinuous only in (1/2, o)

Which one of the following statements is true
for the sequence of functions

f(X) =t n=12...xe[1/21]?
n-+x

1. The sequence is monotonic and has 0 as
the limit forall X € [1/2,1]as n — o0

2. The sequence is not monotonic but has
f(x)= —2 as the limitas N — oo

3. The sequence is monotonic and has

f(x)= —2 as the limitas N — oo

4. The sequence is not monotonic but has O
as the limit

. 1Y
Lm(l—n—z) equals

1.1 2.8
3. e 4. et

-1/2

Consider the interval (-1,1) and a sequence

{an }:—1

Every limit point of {e,} isin (-1,1)

of elements in it. Then,

1

2. Every limit point of {&,,} isin [-1,1]

3. The limit points of {ez,} can only be in
{-1,0,1}

4.  The limit points of {&,} cannot be in
{-1,0,1}

Let F:R—R be a mnonotonic function. Then

1. F has no discontinuities

2. F has only finitely many discontinuities

3. F can have at most countably many
discontinuities

4. F can have uncountably many
discontinuities
Consider the function
5
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2

f{x, y}= %,(x, y) e [L/2,312]x[L/2,312]-

The derivative of the function at (1,1) along the
direction (1,1) is

1.0 2.1
3.2 4. -2
PART -C

52. Let {x,} be an arbitrary sequence of real

numbers. Then

1. Z:::l|xn|'D <oofor some 1 < p < =

implies Z::1|Xn|q < ooforq>p.
2. Z:=1|Xn|p <oofor some 1 < p < «

implies Z‘;{xn\q <o forany 1<q<p.

3. Given any 1 <p < q < =, there is a real
sequence {x,} such that

S| <oobut 3 x| = o

4. Given any 1 < q < p <, there is a real
sequence {X,} such that

Sl < obut F x| = oo

53. Let f : R — R be a continuous function and

f(x+1) = f(x) for all xeR. Then

1. f is bounded above, but not bounded
below

2. f is bounded above and below, but may
not attain its bounds.

3. f is bounded above and below and f
attains its bounds.

4, f is uniformly continuous.

54. Letx; =0, X, =1, and for n = 3, define

55.

X ., +X
=201 "2 \which of the following

n =

is/are true?
1. {Xn} is @ monotone sequence.

. 1
2. lim X, =
3. {X,} is a Cauchy sequence.
4. lim X = 2
* n—ow “*n 3 '

Take the closed interval [0,1] and open
interval (1/3, 2/3). Let K = [0,1]\(1/3,2/3). For
xe[0,1] define f(x) = d(x,K) where d(x,K) =
inf{Ix—y| |y € K}. Then

Ph: 9876788051, 9650838031

56.

57.

58.

59.

1. f:[0,1] —R is differentiable at all points
of (0,1)

2. f: [0,1] —R is not differentiable at 1/3
and 2/3

3.  f:[0,1] —R is not differentiable at 1/2
4. f:]0,11 —R is not continuous

Which of the following functions is/are
uniformly continuous on the interval (0,1) ?
1 .1
1. — 2. SIn—
X X
.1 sin x
3. XSIin— 4, ——
X X

Let A be any set. Let P(1) be the power set of
A, that is, the set of all subsets of

A; P(1)={B:B cA}
Then which of the following is/are true about

the set P(1)?

1. P(1)= ¢ for some A.

2. P(1) is afinite set for some A.

3. P(2) is a countable set for some A.

4. P(1) is a uncountable set for some A.

Define f on [0,1] by
2 - - -
X“ if x is rational
fO)=3 ... . .
x* if x is irrational
1. fis not Riemann integrable on [0,1].

2. fis Riemann integrable and J'; f(x)dx =

3. fis Riemann integrable and I: f(x)dx =

1 g i 1
. j@ f (x)dx <j0 f()dx = where

Wik M

»

Ll f(x)dx and Ll f (x)dx are the lower and

upper Riemann integrals of f.

1
Consider the integral A = IO x"(L—x)"dx.

Pick each correct statement from below.
1. A is not a rational number
2.0<A<4™

3. Ais a natural number.

4. A is a natural number.
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PART - B

60.

61.

62.

63.

64.

65.

Consider the sets of sequences

X={(xn) : Xne{0,1}, n € N} and

Y={(xn) € X:X, =1 for at most finitely many n}.
Then

1. X is countable, Y is finite.

2.  Xisuncountable, Y is countable.

3.  Xis countable, Y is countable.

4,  Xis uncountable, Y is uncountable.

Let f : R> > R® be given by f(x, y) = (x2, y2 +
sinx). Then the derivative of f at (X, y) is the
linear transformation given by

! 2X 0 5 2X 0
“lcosx 2y "2y cosx
2
3 y COSX 4 2X 2y
2X 0 0 COS X

A function f : R? - R is defined by f(x, y) = xy.
Letv = (1, 2) and a = (a;, a,) be two elements

of R? The directional derivative of f in the
direction of v at a is:

1.a; +2a, 2.a, + 2a;
a
3. 2+a 4. i+a2
2 2
1 2n-1
lim —- Z j? equals
n—o0 n j:O
1.4 2.16
3.1 4.8
) df
f: R — Ris such that f(0) = 0 and d—(x) <5
X
for all x. We can conclude that f(1) is in
1. (5, 6) 2.[-5, 5]

3. (-0, -5) U (5, «) 4. [-4, 4]

Let G be an open set in R". Two points
X, Yy € G are said to be equivalent if they can
be joined by a continuous path completely
lying inside G. Number of equivalence classes
is

1. onlyone

2. at most finite

3. at most countable

4 can be finite, countable or uncountable

PART -C

66.

Let s€(0,1). Then decide which of the following
are true.
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67.

68.

69.

70.

71.

1. VMeN, aneN s.t. s>m/n
2. VMeN, oneN s.t. s<sm/n
3. VMeN, aneN s.t. s=m/n
4. VM eN, aneN s.t. s=sm+n

Let f,(x)=(-x)", x€[0,1]. Then decide which of
the following are true.

1. there exists a pointwise convergent
subsequence of f,.
2. f, has no pointwise convergent

subsequence.

3. f, converges point wise everywhere.

4. f, has exactly one point wise convergent
subsequence.

Which of the following are true for the function

f(x)=sin(x)sin (%), x€(0,1) ?

1. Ixi%f(x)zﬁf(x)
2. |i_rr(1)f(x)<@f(x)
3.Ixii0f(x):1
4.@f(x)=o

Find out which of the following series converge
uniformly for x& (-7, ).

=, g~ =, sin(xn)
Ly g s
na N n=1 n

= (%) 0 1
> Z(Hj * 2

Decide which of the following functions are
uniformly continuous on (0,1).

1. f(x)=¢" 2. f(x)=x

3. f(x)= tan(%j 4. f(x) =sin(x)

Let y,(X) denote the function which is 1 if

x€A and 0 otherwise. Consider
200

f(x):ziﬁl - 1(x),xe[0,]. Then f(x) is
0 0ot
1. Riemann integrable on [0,1].

2. Lebesgue integrable on [0,1]

3. is a continuous function on [0,1].

4. is a monotone function on [0,1].
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72. A function f(x,y) on R? has the following partial

- of , of 2
d t - Xa =X v X’ = "
erivatives " x,y) Y x,y)=y

Then

1. fhas directional derivatives in all directions

everywhere.

2. f has derivative at all points.
3.
direction (1,1) everywhere.

4. f does not have directional derivatives in

any direction everywhere.

73. Let d,, d, be the following metrices on R".

)= 3% -yl den={Six -t

i=1

Then decide which of the following is a metric

on R"

1. d(x,y) = 00 +da(xy)
1+d, (%, y) +d, (X, )

2. d(x,y) =d,(x,y)—d,(x, y)

3. d(x,y) =d,(x,y) +d,(x, )

4. d(x,y)=e"d,(x,y) +e 7d,(X, y)

74. Let A be the following subset of R*:

AS{(x,Y):(x+1)>y*< T UL(Gy):y=xSin % x>0}

Then
1. A'is connected 2. Ais compact
3. Alis path connected 4. A'is bounded

JUNE - 2017
PART - B

75. L=Iim Then

nﬁw\/_
1. L=0 . L
3.0<L<w 4. L

1
o0

n
76. Consider the sequence a, :(1+ (—1)"£j :
n

Then
1. limsupa, =liminfa, =1

n—oo n—oo

2. limsupa, =liminfa, =e

n—oo n—oo

3. limsupa, =liminf a, =

n—o

t'Dll—\

n—oo

Ph: 9876788051, 9650838031

f has directional derivative only along the

77.

78.

79.

80.

81.

4. limsupa, =e,liminf a, =

n—oo

@ |

nN—o0

For a> 0, the series Za””” is convergent if

n=1
and only if
1. 0<ax<e 2.0<ac<e
1 1
3.0<a<= 4. 0<as<s=
e e

Letf: R — R be defined by
sin x
f(x)=9 x
1 if x=0

if x=0

Then
1. f is not continuous

2. f is continuous but not differentiable
3. f is differentiable
4. f is not bounded

Let A={n e N : n=1 or the only prime factors
of nare 2 or 3} for example, 6 € A, 10 ¢ A.

Let S z

1. Sis finite 2. S is a divergent series
3.5=3 4.S=6

— Then

Forn>1,let f (x)= xe ™, x e R.
Then the sequence {f } is

1. uniformly convergent on R
2. uniformly convergent only on compact

subsets of R
3. bounded and not uniformly convergent on

R
4. asequence of unbounded functions

Let «=0.10110111011110... be a given
real number written in base 10, that is, the n-th
digit of o is 1, unless n is of the form
k(k2+1)—1 in which case it is 0. Choose all
the correct statements from below.

1. ais arational number

2. ais an irrational number

3. For every integer g22, there exists an

, r r+1
integer r 2 1 such that —<a <——.

q q

4. o has no periodic decimal expansion.
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82. For a,beN, consider the sequence

(nj
a . .
d, =7 for n>a,b. Which of the following
statements are true ? As n —o,

1. {d,} converges for all values of a and b
2.{dn} convergesifa<b

3.{d,} convergesifa=Db

4. {d,} convergesifa>Db

83. Let {a,} be a sequence of real numbers

satisfying Z| a,—a,,|<c. Then the
n=1

series Z:anxn , X € R is convergent
n=0

1. nowhere on R

2. everywhere on R

3. on some set containing (-1,1)
4. only on (-1,1)

84. Let f(x)=tan™"x,xR. Then
1. there exists a polynomial p(x) satisfies
p(x) f'(x) =1, forall x
2. £™(0)=0 for all positive even integer
n
3. The sequence {f ™ (0)} is unbounded

4. f™(0)=0 foralin

1
N for neN, xeR. Which

85. Let f (X)= 5

1+n°x
of the following are true?
1. fn converges pointwise on [0,1] to a
continuous function
2. fn converges uniformly on [0,1]

) 1
3. fn converges uniformly on {E,l}
1 1
4. lim j f (x)dx = j (lim f_(x))dx
0 0
dt

@+o"

1. A, does not exist for some n

1
86. If 4, :L for neN, then

2. A, exists for every n and the

sequence is unbounded

Ph: 9876788051, 9650838031

3. A, exists for every n and the

sequence is bounded
4. lim(2)Y" =1
n—oo

87. The equation 11* +13* +17* -19* =0 has
1. no real root
2. only one real root
3. exactly two real roots
4. more than two roots

88. Suppose that f: R" —R is given by
f(X)=ax’ +a,x; +...+a,xZ, where

n“tn?
X=(X;,X%;,--, X,) and at least one a; is
not zero. Then we can conclude that
1. f is not everywhere differentiable
2. the gradient (Vf)(x)#0 for every

XeR"
3. If xeR" is such that (Vf)(X)=0
then f(x)=0
4, If xeR"is such that f(X)=0 then
(VE)(x)=0
89. Let S be the set of (o,f)€R® such that
ﬂ_)() as (x,y) — (0,0). Then S is

contained in

1. {(a,p):a>0,5>0}
2. {(a,p):a>2,>2}
3 {(@p)ia+p>1

4 {(a,p):a+4p>1}

DECEMBER 2017

PART - B

90. Let Z denote the set of integers and Z,
denote the set (0, 1, 2, 3,...). Consider the
map f: Z,9 x Z — Z given by
f(m, n) =2™. (2n + 1). Then the map f is
1. onto (surjective) but not one-one
(injective)

2. one-one (injective) but not onto
(surjective)

3. both one-one and onto

4. neither one-one nor onto

91. Let {a }ns1 be a sequence of real numbers
satisfying a; > 1 and a,; > a, + 1 for all

9
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n > 1. Then which of the following is
necessarily true?

: « 1
1. The series Zn v diverges
-1’

2.The sequence {a_},.,is bounded

nx>1
, o 1

3. The series E —- converges
n=1 a2

n

, o 1
4. The series Zn ,—converges
-a

n

92. Let D be a subset of the real line. Consider
the assertion: “Every infinite sequence in D
has a subsequence which converges in D”.
This assertion is true if
1.D =0, «)
2.D=[0,1] U [3, 4]
3.D=[-1,1) U (1, 2]
4.D = (-1, 1]

93. Let f: (0, ©) - R be uniformly continuous.
Then

1. lim f(x)andlim f(X) exist
x—0" X—>00
2. lim f(x)exits butlim f(x)need not
X—>o0

x—0"

exist
3. lim f(xX)need not exist but
x—0"

lim f (x) exists

X—>00
4. neither  lim f (X)norlim f (x) need
x—0" X—>00
exist

94. LetS={f:R —> R|3 € >0 suchthat
vV 8§>0, |x=y|<d= [f(X) —f(y)| < €}. Then
1.S={f: R —» R | fis continuous}
2.S={f: R —» R | fis uniformly continuous}
3.S={f: R - R |fis bounded}
4.S={f: R —> R | fis constant}

95. Which of the following is necessarily true for a

functionf: X —> Y?

1. if fis injective, then there exists g: Y —
X such that f(g(y)) =y forally e Y

2. if f is surjective, then there exists g :Y
— X such that f(g(y)) =y forally e Y

3. if fis injective and Y is countable then
X is finite

4. if f is surjective and X is uncountable
then Y is countably infinite

96. Let k be a positive integer and let

Ph: 9876788051, 9650838031

Sk = {x € [0, 1] | a decimal expansion of x
has a prime digit at its K™ place}. Then the
Lebesgue measure of Sy is

1.0 2.4/10

3. (4/10) 4.1

97. Let S ={x e [-1, 4] | sin (x) > 0}. Which of the
following is true?
1.inf(S)<0
2. sup (S) does not exist
3.sup(S)==
4.inf (S) = n/2

PART -C

98. Which of the following are convergent?

1. inZZ’“ 2. in’ZZ”
n=1 n=1
3. v L 4. i !

~nlogn = nlog(1+1/n)

99. Leta,,,Mm>=1n=1 be a double array of real
numbers. Define
P =liminf liminf a_,,

nN—oo m—oo
Q =liminf limsup a,,,,
n—oo M-
R =limsupliminf a,,,,
n—o m—>co
S =limsuplimsup a,,
nN—oo m—oo

Which of the following statements are
necessarily true ?

1. P<Q 2. Q=R

3.RsS 4. PsS

100. Let R denote the set of real numbers and Q
the set of all rational numbers. For

1
OSGSE, let Ac be the open interval

(0,1-€). Which of the following are true?
1.sup  ;sup(A)<1
0<e<§

2. O<el<e2<% = inf(A. ) <inf(A. )
3. 0<g<e,< % = sup(A,) >sup(A_)
4. sup(A. N Q) =sup(A. N (R\Q))
10
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101.

102.

103.

104.

105.

Ph:

Let f: R—R be a function satisfying f(x+y) =
f)f(y), V x,yeR and lim f(x)=1. Which
x—0

of the following are necessarily true ?
1. fis strictly increasing

2. f is either constant or bounded
3. f(rx)=f(x)" for every rational reQ

4.f(x) >0, V xeR

Consider the set of rational numbers Q as a

subspace of R with the usual metric.

Suppose a and b are irrational numbers with
a < b and let K=[a,b] NQ. Then

1. K is a bounded subset of Q

2. K is a closed subset of Q

3. K is a compact subset of Q
4. K is an open subset of Q

n
Evaluate lim
nﬁwz _|_ n
T T /4
1. — 2. 3. — 4, —
2 8 4
1-cos(Xx+
Let f(x, y)_M if (x,y) # (0,0)
1
f(0,0) == and
2
g(x,y) = —1_COS(XJQ ) it xet y#0
(x+Y)
g(x,y) == if x+y=0
Then
1. f is continuous at (0,0)
2. f is continuous everywhere except at
(0,0)
3. g is continuous at (0,0)
4 g is continuous everywhere

Let f: R*SR be defined by f(x) = x' Ax,
where A is a 4x4 matrix with real entries and
x' denotes the transpose of x. The gradient
of f at a point Xy necessarily is

1. 2Ax,

2. AXo + A'X,

3. 2A" %o

4. AXo

9876788051, 9650838031

106.

107.

108.

109.

Let f1 R"-R" be a
differentiable map satisfying
[IfX) =f(y) || = [Ix-y]|, for all x,ye R". Then
1.fis onto

2. f(R") is a closed subset of R"

3. f(R") is an open subset of R"
4.1(0)=0

Consider X = {(x,sin 1)0 <x< 1} U
X

{(0,y)|-1<y <1} as a subspace of R?

and Y=[0,1) as a subspace of R. Then

1. X is connected

2. X is compact

3. X xY (in product topology) is connected
4. XxY (in product topology) is compact

continuously

Let I ={x=(X,) 4 | X, €R,

Zn _ X, <00} be the Hilbert space of square

summable sequences and let e, denote the
kth co-ordinate vector (with 1 in kth place, 0
elsewhere). Which of the following

subspaces is NOT dense in £2?
1.span {&, —€,,6, —€,,8, —€,,..}

2. span {2e, —e,,2e, —€,,2e, —€,,...}
3.span {e, —2e,,e, —2¢,,8,— 2€,,...|

4. span {ez,e3,e4,...}

Letf:[-1,1] —R be a function given by

1) .
x’cos| = | if x#0
f(x)= (xj . Then

0 if x=0
1. f is of bounded variation on [-1,1]
2. f" is of bounded variation on [-1,1]

3.0f(x) <1 ¥V xe[1,1]
4. F(X)| <3 V x€[-1,1]

JUNE - 2018

PART - B

110.

Given that there are real constants a,b,c,d
such that the identity

AX? 4 2xy + y? = (ax +by)® + (cx + dy)?

holds for all x,yeR. This implies
1. A=-5

2. 42>1

3.0< A<1

4. there is no such A €R

11
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111.

112.

113.

114,

115.

Given {a,}, {b,} two monotone sequences
of real numbers and thatZanbn is

convergent, which of the following is true?
1. zan is convergent and an is

convergent
Sa. Yh s

2. At least

convergent
3. {a,} is bounded and {b,} is bounded
4. At least one of {a,}, {b,} is bounded

one of

L cos(e” )-1

Then %% f(x,y) is

: — —cos(X +
1+sin?(e*) (x+)

2.0
3. —=sin(x+Yy)
4. COS(X+Y)

1
Let S={(xy)|x*+y>==;, where 117. Let f(X)=x>—-5Xx+2. Then
_ n _ 1. f has no real root
neN and either xeQ or yeQ}. Here Q is 2. f has exactly one real root
the set of rational numbers and N is the fh v th |
set of positive integers. Which of the 3. as exactly three real roots
following is true? 4. all roots of f are real
1. S is a finite non empty set
2. S is countable 118.  Consider the space
3.Sis uncountable S={(a, B) | cQ} CR2 where Q is
4. S is empty .
the set of rational numbers. Then
Define the sequence {a,} as follows: 1. S is connected in R?
a;=landforn>1, 2. S%is connected in R®
. . 2
a - (_1)n[lj(| a |+ 2 j Which of 3. Sis closed in R
2 la, | 4. S%is closed in R?
the following is true?
1. limsupa, = V2 PARTC
2. liminf a, =—o0 119. Foreach a € R,
3. lima, =+/2 let Su={(x,y, 2) € R | X* +y* + 2% = o},
Let z — 7 §_. Which of the
4. supa, =2 o R\Q
If {x,} is a convergent sequence in R and following are true? -
. bounded in R th 1. The Lebesgue measure of E is infinite
On}is a Ioc;mtr? tsequence In 8, then we 2. E contains a non-empty open set
(l:an c?rnc uae e t 3. E is path connected
2' {X”+ yn}.lsbconvdergen 4. Every open set containing EC has
- {Xn* Yn} is bounde infinite Legesgue measure
3. {X» + vy has no convergent
subsequence ; :
120. Which of the following sets are
4. {x, + yn} has no bounded subsequence
n-Jn 100 uncountable?
The difference log(2) — Z - is 1. The set of all functions from R to {0, 1}
= 2. The set of all functions from N to {0, 1}
1.less than 0 3. The set of all finite subsets of N
2. greater than 1
4. The set of all subsets of N
3.lessthan oo
2-°-101
121.

4. greater than ————
2'9°.101

116. Let f(x, y) = log(cos2(e*")) +sin(x + y).

Ph: 9876788051, 9650838031

Let A={tsin(}) te(O,Ej}.Which of
t T

the following statements are true?

1. sup(A)<£+i foralln>1
T nzx
12
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122.

123.

124.

125.

2. inf (A)>_—2—i foralln>1
3z nx

3.sup(1)=1
4.inf(1)=-1

Let Cc (R) ={f : R > R | f is continuous
and there exists a compact set K such that

2
f(x) = 0 for all x € K%}. Let g(X)=e* for
all x e R. Which of the following
statements are true?

1. There exists a sequence {f,} in Cc (R)
such that f, — g uniformly

2. There exists a sequence {f,} in C¢(R)
such that f, — g pointwise

3. If a sequence in Cc (R) converges
pointwise to g then it must converge
uniformly to g

4. There does not exist any sequence in

Cc (R) converging pointwise to g

Given that
1 ..
a (n) :]_OW 2
b(n) =10"*log (n)
1
e =5

which of the following statements are true?
1. a(n) > c(n) for all sufficiently large n

2. b(n) > c(n) for all sufficiently large n

3. b(n) > n for all sufficiently large n

4. a(n) > b(n) for all sufficiently large n

Letf: R — R be given by

a
f(X)=——,a,beR,b>0.
) 1+ bx?

Which of the following are true?
1. f is uniformly continuous on compact

intervals of R for all values of aand b

2. f is uniformly continuous on R and is
bounded for all values of a and b

3. f is uniformly continuous on R only if
b=0

4. f is uniformly continuous on R and
unbounded ifa=0,b=0

Let =J.00Ldt.
0 ]+t2

Which of the following are true?

Ph: 9876788051, 9650838031

126.

127.

128.

129.

da_ 1
Cdt 1+t
2. o is a rational number
3.log(d)=1
4.sin(1)=1

Which of the following functions are of
bounded variation?
1. xX°+x+1forx e (-1, 1)

2. tan [%) forx e (-1, 1)

3. sin(gj forx e (-m, m)

4. N1—x? forx € (-1, 1)

For any y € R, let [y] denote the greatest
integer less than or equal to y.

Define f : R — R by f(x, y) = x. Then

1. fis continuous on R®

2. for every vy € R, x = f (X, y) is
continuous on R\{0}

3. for every x € R, y — f(x, y) is
continuous on R

4. f is continuous at no point of R?

Which of the following statements are true?
1. Every compact metric space is
separable
2. If a metric space (X, d) is separable,
then the metric d is not the discrete metric
3. Every separable metric space is second
countable
4. Every first countable topological space
is separable

Let X be a topological space and A be a
non-empty subset of X. Then one can
conclude that

1. A is dense in X, if (X\A) is nowhere
dense in X

2. (X\A) is nowhere dense in X, if A is
dense in X

3. Alis dense in X, if the interior of (X\A) is
empty

4. the interior of (X\A) is empty, if A is
dense in X

December - 2018

PART - B

130. Consider the function tan x on the set

13
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131.

132.

133.

134.

135.

Ph:

T
S={X€[R: x 20, x # kn + Y for any

keN U{O}}. We say that it has a fixed point

inSif 3 X e S such that tan x = x. Then

1.There is a unique fixed point.

2.There is no fixed point.

3.There are infinitely many fixed points.

4.There are more than one but finitely many
fixed points.

1
Define f(X):T for x > 0. Then f is
X

uniformly continuous

1. on (0,).

2. on [r,e0) for any r>0.

3. on (0,r] for any r>0.

4. only on intervals of the form [a,b] for 0 <
a<b<oo.

Consider the map f: Q—R defined by
(i) f(0)=o0

@iy f(r) :%, where r :g with peZ,

geN and ged (p,q)=1. Then the map f
is

1. one-to-one and onto

2. not one-to-one , but onto

3. onto but not one-to-one

4. neither one-to-one nor onto

Let x be a real number such that |x| < 1.
Which of the following is FALSE ?

1. If x€Q), then me cQ

m>0

2. If me €Q, then xeQ

m>0

3. If x¢Q, then Z mx™* ¢Q

m>0

X" ,
4, z_ converges in R
m
m>1

Suppose that {x,} is a sequence of real
numbers satisfying the following. For every

€>0, there exists ng such that |X,.1- X,| < € V
n = ny. The sequence {x,} is

bounded but not necessarily Cauchy
Cauchy but not necessarily bounded
Convergent

not necessarily bounded

PowbdE

n+1
1
Let A(n) = I —0dx forn 1. For ceR let
X

n

9876788051, 9650838031

136.

137.

138.

139.

140.

limn°A(n) = L. Then

nN—o0
1.L=0ifc>3
3.L=2if c=3

2.L=1if c=3
4, L= if 0< c<3

Let R denote the radius of convergence of

power series ZKXk. Then
k=1

1. R > 0 and the series is convergent on [-
R,R]

2. R > 0 and the series converges at x = -R
but does not converges at x = R

3. R>0 and the series does not converge
outside (-R,R)

4. R=0

PART -C

Let f : R - R® be a function given by f(x, y) =
(x3 + 3xy2 —15x - 12y, x +vy). LetS={(X,y) €

R?: fis locally invertible at (X, y)}. Then
1. S = R*{(0, 0)} 2. Sis open in R?
3. Sis dense in R? 4. RAS is countable

Let X = N, the set of positive integers.
Consider the metrices d;, d; on X given by
di(m,n)=|m—-n|,m,n e X,

d2 (mln):‘i_l‘am’n e X.Let Xla X2
m n

denote the metric spaces (X, dj), (X, dy)
respectively. Then

1. X, is complete

2. X, is complete

3. Xy is totally bounded

4. X, is totally bounded

Let {un}n>1 be a sequence of real numbers
satisfying the following conditions:
(1) (-1)"u, =0, foralln>1

|u, |
(2) |un+1 |< 2

Which of the
necessarily true?

,foralln>13

following statements are

1. >..1U,does not converge in R.
2. 213U, converges to zero.
3. 213 U, converges to a non-zero real
number.
| U, |
2

4. 1f |u, ,|< ,for all 2 < n < 13, then
2.ns1 Up IS @ negative real number.

Let S be an infinite set. Which of the
following statements are true?

14
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141.

142.

143.

144,

Ph:

1. If there is an injection from S to N, then S
is countable

2. If there is a surjection from S to N, then S
is countable

3. If there is an injection from N to S, then S
is countable

4. If there is a surjection from N to S, then S
is countable

Let p, denote the n-th prime number,
when we enumerate the prime numbers in
the increasing order. For example, p; = 2,
p. =3, ps =5, and so on.

Let S ={s, = prs1— Pnln € N, n > 1}. Then
which of the following are correct?
l.supS=w

2. limsup;_., Sy = ©
3.inffS<wandinfS=1

4. liminf,_, Sp = 2

For n > 1, consider the sequence of
functions
1 X

f (X)= 0, (X)=
n (%) 2nx+1g (x) 2nx+1

the open interval (0, 1). Consider the
statements:
() The sequence {f,} converges uniformly on
(0,1)
(II) The sequence {g,} converges uniformly on
(0, 1). Then,
1. (1) is true
2.(I) is false
3. () is false and (ll) is true
4. Both (I) and (Il) are true

on

Suppose that {f,} is a sequence of continuous
real valued functions on [0, 1] satisfying the
following:

(1) vx € R, {f,(X)} is a decreasing sequence
(2) the sequence {f,} converges uniformly to
0

Let g, () =Y., (-D* f, () ¥ x  R. Then

1. {g.} is Cauchy with respect to the sup norm
2. {gn} is uniformly convergent
3. {gn} need not converge pointwise

4.3 M >0 such that |g, (X)|<M, ¥neN, ¥xeR
. 1 o .
Given f : E,2 — R, a strictly increasing
function, we put g(x) = f(x) + f(1/x), x € [1, 2].
Consider a partition P of [1, 2] and let U (P, g)

and L (P, g) denote the upper Riemann sum
and lower Riemann sum of g. Then

9876788051, 9650838031

145.

146.

147.

148.

149.

1. for a suitable f we can have U (P, g) = L

(P, 9)

2. for a suitable f we can have U (P, g) = L
(P, 9)

3. U(P,g)=L (P, q) forall choices of f

4. U (P, g) <L (P, g)for all choices of f

Let f be a real valued continuously

differentiable function of (0, 1). Setg =f '+ if,

where i? = -1 and f ' is the derivative of f. Let

a, be(0,1) be two consecutive zeros of f.

Which of the following statements are

necessarily true?

1. If g(1) > 0, then g crosses the real line
from upper half plane to lower half plane at
a

2. If g(1)>0, then g crosses the real line from
lower half plane to upper half plane at a

3. if g(1) g(2)#0, then g(1), g(2) have the
same sign

4. If g(1) g(2)=0,
opposite signs

then g(1), g(2) have

Let A be an invertible real n x n matrix. Define

afunction F: R" x R" — R by F(x, y) = (AX, y)
where (x, y) denotes the inner product of x
and y. Let DF (x, y) denote the derivative of F
at (X, y) which is a linear transformation from

R" x R" — R. Then

1. Ifx # 0, then DF (x, 0) = 0
2.1fy=#0,then DF (0,y) #0

3. 1f (x, y) # (0, 0) then DF (x,y) # 0
4. 1fx=00ry=0,then DF (x,y) =0

Let X = {(X)i=1 : Xi € {0, 1} for all i > 1} with the
metric d((Xi), (y|)) = Zi21|xi—yi|2".

Let f: X — [0, 1] be the function defined by
f(X)iz1 = 21 xi2".

Choose the correct statements from below:
1. fis continuous

2. fis onto

3. fis one-to-one

4. fis open

Let A be a subset of R satisfying A = N1 Vi,
where for each n > 1, V, is an open dense

subset of R. Which of the following are
correct?

1. Ais a non-empty set

2. Ais countable

3. A is uncountable

4. Aisdensein R

Let a; <a, < ... < as; be given distinct natural
numbers suchthat1 <a; <100 foralli=1, 2,
..., 91. Then which of the following are
correct?
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1. There exist i and j with 1 <i < j <51
satisfying a; divides a;.

2. There exists i with 1 <i <51 such that a; is
an odd integer

3. There exists j with 1 < j < 51 such that & is
an even integer

4. There existi <j such that |a; — g > 51.

JUNE - 2019
PART -B
150. Which of the following sets is uncountable?

1. {XG R |log (x) = Eforsomep,qe N}
q

2. {xeR|(cos (x)"+ (sin (x))"=1 for
some n € N}

3. {x € Rix =log (Bj forsome p, g e N }
q

4, {xa R | cos(x) = Eforsome p,qe N}
q

151. Consider a sequence

@ a, =(-1)" (3—%}

Let bn=ZaKVneN.

Then which of the following is true?

1. limy...b,=0

2. limsupp_.b, > 1/2

3. liminf,_,.b, <-1/2

4. 0 <liminf,_,,, b, < limsupp_., b, < 1/2

152.  Which of the following is true?

o (=1
1. Zn:l n does not converge

o 1
2. anlﬁ converges

3 Z —12 =1 (m+ )
4. Z _12 — diverges

—1(m+ n)?

-7 converges

153. For n € N, which of the following is true?

\/n+l—\/ﬁ >if0r all, except
Jn

possibly finitely many n

Ph: 9876788051, 9650838031

\/n+1—\/ﬁ<ifor all, except
Jn

possibly finitely many n

\/n+l—\/ﬁ>1 for all, except

possibly finitely many n

\/n+1—\/ﬁ > 2 for all, except possibly
finitely many n

154. Letf: R — R be a continuous and one-one
function. Then which of the following is
true?

1. fis onto
2. f is either strictly decreasing or strictly
increasing
3. there exists x € R such that f(x) = 1
4. fis unbounded
nx .
155. Let g, (X) =———,X €[0,0).Which of
1+n°x
the following is true as n — «?
1. g, — 0 pointwise but not uniformly
2. gn— 0 uniformly
3.0.(X) > x VX el0,x)
X
4, gn(X)—) 5 Vv X € [0, )
1+X
PART -C
156. Let {a }ns0 be a sequence of positive real
1
numbers. Then, for K =limsup, . |a,|",
which of the following are true?
= _ - n.
1. if K= oo, then Zn:oanr IS convergent
foreveryr>0
2. if K = o, then z _Oanr is not
convergent for any r > 0
. 0 n.
3. if K=0, then Zn:O a,r is convergent
foreveryr>0
. _ o n.
4. if K = 0, then), ar'is not
convergent forany r >0
157. For a € R, let [a] denote the greatest

integer smaller than or equal to a. Define
d:R xR [0, ») byd(x,y)=I[x-VYl X

y € R. Then which of the following are
true?

1.d(x,y)=0ifandonlyifx=y, x,y € R
2.dx,y) =d(y,x),x,y e R
3.d(x,y) <d(x,2) +d(z,y), X, ¥,ze R
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158.

159.

160.

161.

162.

4. d is not a metric on R

Consider a function f : R — R. Then which

of the following are true?

1. f is not one-one if the graph of f
intersects some line parallel to X-axis in
at least two points

2. fis one-one if the graph of f intersects
any line parallel to the X-axis in at most
one point

3. fis surjective if the graph of f intersects
every line parallel to X-axis

4. fis not surjective if the graph of f does
not intersect at least one line parallel to
X-axis

© COSt
Let f(x)=| ———dt. Then which of the
1 x4+t

following are true?

1. fis bounded on R

2. fis continuous on R

3. fis not defined everywhere on R
4. fis not continuous on R

Suppose that {x,} is a sequence of positive

X, .Then which of the
1+ X,
following are true?
1. {Xn} is convergent if {y,} is convergent
2. {yn} is convergent if {X,} is convergent
3. {yn} is bounded if {x,} is bounded
4. {x,} is bounded if {y,} is bounded

reals. Let y, =

xsin (1/x), for xe(01
Let f(X) ={ O( ) for XEE 0 ] and

g(x) = xf (x) for 0 < x < 1. Then which of the
following are true?

1. fis of bounded variation

2. fis not of bounded variation

3. g is of bounded variation

4. g is not of bounded variation

Leta<c<b,f:(a b) > R be continuous.

Assume that f is differentiable at every point

of (&, b) \ {c} and f' has a limit at c. Then

which of the following are true?

1. fis differentiable at ¢

2. f need not be differentiable at ¢

3. f is differentiable at ¢ and lim,_. f'(x) =
f'(3)

4. f is differentiable at ¢ but f'(3) is not
necessarily lim,_, f'(x)

Ph: 9876788051, 9650838031

163.

164.

165.

166.

167.

Let F : R —» R be a non-decreasing
function. Which of the following can be the
set of discontinuities of F

1.7 2.N 3.Q 4. R\Q

Let f: R®* - R® be given by
(X, X5, X;) =(€™ €OS X;,€™ Sin X, 2%, —COS X;)

Consider E = {(X1, X5, X3) € R®: there exists
an open subset U around (X3, Xp, X3) such
that f|y is an open map}. Then which of the
following are true?

1. E=R®

2. Eis countable

3. Eis not countable but not R®

4, {[Xl,xz,%je R® : X1, Xo € [R}is a

proper subset of E

Let X be a countable set. Then which of the

following are true?

1. There exists a metric d on X such that
(X, d) is complete

2. There exists a metric d on X such that
(X, d) is not complete

3. There exists a metric d on X such that
(X, d) is compact

4. There exists a metric d on X such that
(X, d) is not compact

December - 2019

PART - B

Let < be the usual order on the field R of

real numbers. Define an order < on R? by
(a,b)<(c,d)if(a<c)or(a=candb <d).
Consider the subset

E = {(l,l—ije R?:n e N} . With
n n

respect to < which of the following
statements is true?

(1) inf(E) = (0, 1) and sup (E) = (1, 0)

(2) inf(E) does not exist but sup(E) = (1, 0)
(3) inf(E) = (0, 1) but sup(E) does not exist
(4) Both inf(E) and sup(E) do not exist.

Let C[O, 1] be the space of continuous real
valued functions on [0, 1]. Define

(f.9)=[ f(®)(g(t)?dt for all fg=C[o, 1]

Then which of the following statements is
true?

(1) ¢, ) is an inner product on C[0, 1]

(2) (, ) is a bilinear form on C[O0, 1] but is
not an inner product on C[0, 1]
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(3) (, ) is not a bilinear form on C[0, 1]
4) (f,f)y>0forallf e C[O, 1]

168.  Which of the following sets is countable?
(1) The set of all functions from Q to Q
(2) The set of all functions from Q to {0, 1}

(3) The set of all functions from Q to {0, 1}
which vanish outside a finite set

(4) The set of all subsets of N

1
169. LetE = {—|neN} . For each m ¢ N
n

define f,,: E > R by

cos(mx)if x > £
m
. 1
f,(X) =< 0if <X<—
m+10 m
xif x<
m+10
Then which of the following statements is
true?

(1) No subsequence of (f,)m=1 CcOnverges
at every point of E

(2) Every subsequence of (fn)ms1
converges at every point of E

(3) There exist infinitely  many
subsequences of (f,)ms1 Which converge at
every point of E

(4) There exists a subsequence of (f)ms1
which converges to O at every point of E

170. Let (xn)n=1 be a sequence of non —negative
real numbers. Then which of the following
is true?

(1) liminf x, =0 = lim x> =0

(2) limsup x, =0 = limx? =0

(3) liminf x, = 0 = (Xp)ns1 IS bounded
(4) liminf X% > 4 = limsup x, > 4

171. Let X =« R be an infinite countable

bounded subset of R. Which of the
following statements is true?

(1) X cannot be compact

(2) X contains an interior point

(3) X may be closed

(4) closure of X is countable

172.  What is the sum of the following series?

[i+1j+(l+lj++(l+ = j+
23 223) \ 2232 2832) 233 2%z )

Ph: 9876788051, 9650838031

3 3 3 3
1) = 2) — 3) — 4) =
()8 ()10 ()14 ()16

PART -C

173. Let L*(-n, =]) be the metric space of
Lebesgue square integrable functions on [-
7, 7] with a metric d given by

(1.9 <] [ (100000 ax] ror

g € L([m, 7))
Consider the subset
S ={sin(2"x) : n e N} of L*([-x, nt)).

Which of the following statements are
true?

(1) Sis bounded
(3) Sis compact

(2) Sis closed
(4) S is non-compact

174.  Letf:[0, 1> > R be a function defined by

f(X,Y)=%ifeitherx¢00ry¢O:
X" +y

Oifx=y=0.
Then which of the following statements are
true?

(2) f is continuous at (0, 0)
(2) fis a bounded function

1 (1 .
®) jo jo f (x, y) dxdy exists

(4) fis continuous at (1, 0)

175. Let p(x) be a polynomial function in one
variable of odd degree and g be a

continuous function from R to R. Then
which of the following statements are true.
(1) 3 a point X € R such that p(xg) = g(Xo)

(2) If g is a polynomial function then there

exists xo € R such that p(xo) = g(Xo)
(3) If g is a bounded function there exists

Xo € R such that p(Xo) = g(Xo)

(4) There is a unique point X € R such
that p(xo) = g(xo)

176. Let f(X) be a real polynomial of degree 4.
Suppose f(-1)=0, f(0)=0, f(1)=1 and f (1)(02
=0, where f ®(1) is the value of k'
derivative of f(x) at x=a. Which of the
following statements are true?
(1) There exists ae(-1,1) such that

f &(1)=3

2 f91)=3foralla e (-1, 1)
(3)0<f¥0)<2
4 £90)=3
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177.

178.

179.

180.

181.

Let (X, d) be a compact metric space. Let
T : X > X be a continuous function
satisfying

inf,cnd(T"(X), T"(y)) = O for every x, y € X
with X # y. Then which of the following
statements are true?

(1) T is a one-one function

(2) T is not a one-one function

(3) Image of T is closed in X

(4) If X is finite, then T is onto

For each natural number n > 1, let

n
= where [x] = smallest

n _10[|0910n] !
integer greater than or equal to x. Which of
the following statements are true?

@) liminfa, =0

n—o

2) liminf &, does not exist
n—oo

@3) liminf a,=0.15
n—o0

(4) limsupa, =1

Let U c R" be an open subset of R" and

f: U—> R" be aC” - function. Suppose
that for every x e U, the derivative at x,
dfy, is non-singular. Then which of the
following statements are true?

(1) If V < U is open then f(V) is open in R"
(2) f: U - f(U) is a homomorphism

(3) fis one-one

(4) If V < U is closed, then f(V) is closed in

[RI"I
Let n be a fixed natural number. Then the
. ™
series Z is
m=n m

(1) Absolutely convergent

(2) Divergent

(3) Absolutely convergent if n > 100
(4) Convergent

Let {an}n=1 be a bounded sequence of real
numbers. Then

(1) Every subsequence of {a}w1 is
convergent

(2) There is exactly one subsequence of
{an}n=1 Which is convergent

3) There are infinitely many
subsequences of {a,}.».1 which are
convergent

(4) There is a subsequence of {an}n1
which is convergent

Ph: 9876788051, 9650838031

182. Let N > 5 be an integer. Then which of the
following statements are true?
N1
(1) Y =<1+logN
n1 N
N1
(2) Y =<1+logN
n1 N
N1
3 Y. =<IlogN
n-1 N
N1
4 > =>logN
n=1 n
183. Letf: [0, 1] - R be a monotonic function
1 3
with f| = [f| = |<O.
4 4
Suppose sup{x € [0, 1] : f(x) < 0} = «a.
Which of the following statements are
correct?
1) f(1) <o
(2) If fis increasing, then f(1) < 0
1 3
(3) If f is continuous and Z <a< Z,then
f(1)=0
(4) If f is decreasing, then f(1) <0
184. Which of the following statements are
true?
(1) There exist three mutually disjoint
subsets of R, each of which is
countable and dense in R
(2) For each n € N, there exist n mutually
disjoint subsets of R each of which is
countable and dense in R
(3) There exist countably infinite nhumber
of mutually disjoint subsets of R, each
of which is countable and dense in R
(4) There exist uncountable number of
mutually disjoint subsets of R, each of
which is countable and dense in R
June - 2020
PART - B
185. Let {E,} be a sequence of subsets of R.

Define

n k=1n=k
liminf E, = JE,
n K=1n=k
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Which of the following statements is true?
(1) limsupE, =liminf E,
n n
(2) limsupE, ={x:xeE, for some n}
n
) liminf E, ={x:xeE, forall but finitely manyn}
(4) liminf E, ={x:x € E, forinfinitely manyn}
186. f: N — N be a bounded function. Which of

the following statements is NOT true?
(1) limsup f(n)e N

n—o0

(2) liminf f(n)eN
) liminf(f(n)+n)eN

@) limsup(f(n)+n)eN

n—o0

187.  Which of the following statements is true?
(1) There are at most countably many

continuous maps from R? to R.
(2) There are at most finitely many

continuous surjective maps from R* to

R.
(3) There are infinitely many continuous

injective maps from R* to R.
(4) There are no continuous bijective

maps from R?to R.

188. The series

Z( 1)"sinnx

o , X € R converges
0gen

(1) only forx=0
(2) uniformly only for x € [-x, 7]

(3) uniformly only for x € R\{nx: n € 7}
(4) uniformly for all x e R

189. Given (an)n»1 @ sequence of real numbers,
which of the following statements is true?

W (- D"

n=1

converges

(2) There is a subsequence (a,, i1 8uch

that Z converges
o1 1
(3) There is a number b such that
a,
Zb (=1)" converges
n>1 1+|a |

(4) There is a number b and a
subsequence (@, )., such that

Ph: 9876788051, 9650838031

a

Z b—-—" |converges
= 1+]a, |

190. Given f, g are continuous functions on
[0, 1] such that f(0) = f(1) = 0; g(0) = g(1) =
1 and f(1/2) > g(1/2). Which of the
following statements is true?

(1) There is no te[0, 1] such that f(t) = g(t)

(2) There is exactly one te[0, 1] such that
f(t) = g(t)

(3) There are at least two te[0, 1] such
that f(t) = g(t)

(4) There are always infintely many te[O0,
1] such that f(t) = g(t)

PART-C

191.  Which of the following sets are in bijection
with R?
(2) Set of all maps from {0, 1} to N
(2) Set of all maps from N to {0, 1}
(3) Set of all subsets of N
(4) Set of all susets of R

192.  Which of the following statements are
true?
n

"
(1) The series Zn>1 \/_ is convergent
- n

1 n
(2) The series Z ) is absolutely
n+n
convergent
(3) The series ) ]\M+logniS
n>1 r.]3/2
convergent
(=D"Vn+)) Jn +1)
(4) The serlesz T
convergent

193.  Letf: R? - R be defined by
2
ny2 . (%,y)#(0,0)

0, (xy)=(00)

f((x=n n
Define g(x,Yy) = Z (« 2)(y )
n=1
Which of the foIIowing statements are
true?
(1) The function h(y) = g(c, y) is

continuous on R for all ¢

f(xy)=
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194.

195.

196.

197.

(2) gis continuous from R? into R
(3) gis not a well-defined function

(4) gis continuous on [Rz\{(k, K)}en

Consider the series

A(X) =3 x"(L-x)and

B(¥) =3 (-1)"x"(1-X)

where x € [0, 1].

Which of the following statements are

true?

(1) Both A(x) and B(x) converge pointwise

(2) Both A(x) and B(x) converge uniformly

(3) A(X) converges uniformly but B(x)
does not

(4) B(x) converges uniformly but A(x)
does not

For p € R, consider the improper integral
1
— [trqj
I, = [tPsintdt.
0

Which of the following statements are
true?

(1) I, is convergent for p = -1/2

(2) I, is divergent for p = -3/2

(3) I, is convergent for p = 4/3

(4) I, is divergent for p = -4/3

Suppose that {f,} is a sequence of real-

valued functions on R. Suppose it
converges to a continuous function f
uniformly on each closed and bounded

subset of R. Which of the following
statements are true?
(1) The sequence {f,} converges to f

uniformly on R
(2) The sequence {f,} converges to f

pointwise on R

(3) For all sufficiently large n, the function
f, is bounded

(4) For all sufficiently large n the function
f, is continuous

Let f(x) = e* and g(x) = € * . Which of the
following statements are true?
(1) Both f and g are uniformly continuous

on R
(2) f is uniformly continuous on every

interval of the form [a, +©), a € R
(3) g is uniformly continuous on R
(4) f(x) g(x) is uniformly continuous on R

Ph: 9876788051, 9650838031

198. Define
X3
for (x,y)#(0,0
0 for(x,y)=(0,0)
Which of the following statements are
true?
(1) fis discontinuous at (0, 0)
(2) fis continuous at (0, 0)
(3) all directional derivatives of f at (0, 0)
exist
(4) fis not differentiable at (0, 0)
199. Define
2 yZ
for (x,y) #(0,0
f(x,y) =3 x>+y? (o y)#( ).
0 for(x,y)=(0,0)
Which of the following statements are
true?
(2) fis continuous at (0, 0)
(2) fis bounded in a neighbourhood of (0,
0)
(3) fis not bounded in any neighbourhood
of (0, 0)
(4) fhas all directional derivatives at (0, 0)
200. Letp:R®— R be defined by
| x| if x=0
PO, y) = :
|y| if x=0
Which of the following statements are
true?
Q) px,y)=0ifandonlyifx=y =0
(2) p(x,y)=0forallx,y
3) p(ax, ay) = |a] p(x, y) for all o € R and
forall x, y
(4) p(Xy+ Xz, Y1 + Y2) < p(X1, Y1) + P(X2, Y2)
for all (X1, y1), (X2, ¥2)
201. Consider the subset of R® defined as
follows:
A={x,yY) e RxR:(x-1)(x=2) (y-3)
(y +4) =0}
Which of the following statements are
true?
(1) A'is connected (2) A'is compact
(3) Alis closed (4) A'is dense
June - 2021
PART - B
202. Let (X, d) be a metric space and letf: X —

X be a function such that d(f(x), f(y)) < d(x,
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y) for every x, y e X. Which of the
following statements is necessarily true?
(1) fis continuous

(2) f is injective

(3) f is surjective

(4) f is injective and if and only if f is
surjective

203. LetS={n:1<n<999; 3|n or 37|n}. How
many integers are there in the set S° = {n:
1<n<999;n ¢ S}?

(1) 639 (2) 648
(3) 666 (4) 990

204. Letf, g R — R be given by and f(x) = x
and g(x) = sinx
Which of the following functions is

uniformly continuous on R?
(1) h(x) = g(f(x)) (2) h(x) = g(x) f(x)
(3) h(x) = f(g(x)) (4) h(x) = f(x) + g(x)

205. LetS={1,2,...,100}andletA={1,2, ...,
10} and B = {41, 42, ..., 50}. What is the
total number of subsets of S, which have
non-empty intersection with both A and B?

) 219 100!

2
3) 280(210 _ 1)2

220 101.01
(4) 2100_ 2(210)

206.  Consider the sequence {@,},., , Where
1Y 1 2
a,=3+5-=| +(-D"|=+(-D)"=
=3 -2 r(feer )
Then the interval

n—oo

(Iim inf a,, limsupa, jis given by

(1) (-2,8) () [11 13]
4 4

(3) 3.5 (4) (1 7}
4 4

1 1 1 1 1 11
207. Let Slz———x—2+—><—3——x_4+
3 2 ¥ 3 3 4 3
and

1 l 1 1 1 1 1
— 4 —X— 4+ —-X—+—X

2 2T
Which of the following identities is true?
(1) 381 = 482 (2) 481 = 382
(38)S:1+S:=0 (4)S:1=S;

) = —+..
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208. lim= (1+\/_+?{/_+ +\/_)

n—>oo

(1)isequalto O
(3) is equal to 2

(2)isequalto 1
(4) does not exist

PART -C

209.  For non-negative integers k > 1 define
k

f (X)= Vx>0
Which of the following statements are
true?

(1) For each k, fy is a function of bounded
variation on compact intervals

(2) For every k, J:o f (X)dx< oo

Q) lim, J: f (X) dx exists

(4) The sequence of functions f, converge
uniformly on [0, 1] as k — o

210. In which of the following cases does there
exist a continuous and onto function f : X
- Y?
(1) X=(0,1), Y=(0,1]
(2) X =10, 1], Y=( 1]
(3)X=(0,1),Y=
(4) X=(0,2),Y ={ 1}

211. LetAc R andletf: R - R be continuous.
Which of the following statements are
true?

(2) If A'is closed then f(1) |s closed

(2) If Alis bounded then f (1) is bounded
(3) If A'is closed and bounded then f(1) is
closed and bounded

(4) If A is bounded then f(1) is bounded

212. Let f: R> > R be a bounded function such

that for each t € R, the functions g; and h;
given by g«(y) = f(t, y) and hy(x) = f(x, t) are
non decreasing functions. Which of the
following statements are necessarily true?

(1) k(x) = f(x, xX) is a non-decreasing
function

(2) Number of discontinuities of f is at most
countably infinite

(3) Iim(xvy)%(mv +o0) f(X,y) exists

(4) Iim(xvy)%(mv -o0) f(X,y) exists

213. Letf:R®— R®be a C' function with f(0, O,

0) = (0, 0). Let A denote the derivative of f
at (0, 0, 0). Letg : R® - R be the function
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214,

215.

216.

given by g(X,y,z) =xy+yz+zx +x +y+
z.

Let h : R®* - R be the function defined by
h=(f, g).

In which of the following cases, will the
function h admit a differentiable inverse in
some open neighbourhood of (0, 0, 0)?

1 21
1) A=

0 0 oj

2 2 2
) A=

6 5 2)

0 0 -1
(3) A=

0 1 oj

4 2 4
(4) A=

0 3 2}

Consider A = {1, 1/2, 1/3, ..., 1/n, ..., |n €

N} and B = A U {0}.
Both the sets are endowed with subspace

topology from R. Which of the following
statements are true?

(1) A'is a closed subset of R

(2) B is a closed subset of R

(3) A is homeomorphic to Z, where Z has
subspace topology from R

(4) B is homeomorphic to Z, where Z has
subspace topology from R

Which of the following statements are true

about subsets of R® with the usual
topology?

(1) Ais connected if and only if its closure
A is connected

(2) Intersection of two connected subsets
is connected

(3) Union of two compact subsets is
compact

(4) There are exactly two continuous

functions from Q? to the set {(0,0), (1, 1)}

Letf: [0, 1] - R be a continuous function
t 1
such that jo f (x)dx = jt f(x)dx, for

every t e [0, 1]. Then which of the
following are necessarily true?

(1) f is differentiable on (0, 1)

(2) f is monotonic on [0, 1]

1
3) jo f(x)dx =1

Ph: 9876788051, 9650838031

(4) f(x) > 0 for all rationals x e [0, 1]

217. Let R" denote the set of all positive real

numbers. Suppose that f : R — R is a
differentiable  function. Consider the
function g(x) = e€*f(x). Which of the
following are true?

Q)  Iflim,.f(x) = 0 then lim,_.f'(x) =0
(2)  Iflimy,(f(x) + f'(x)) = 0 then

on e —e)

(3)  Iflim,.f'(x) = 0 then lim,_,.f(X) =0
@) If lime(f(x) + f(x)) = 0 then
limf(x)= O

218. Let (a,) and (b,) be two sequences of real
numbers and E and F be two subsets of

R.LetE+F={a+b:acE beF}L
Assume that the right hand side is well
defined in each of the following
statements. Which of the following
statements are true?

(1) limsup, .. (a, +b,)<limsup, , a, +limsup, b,
(2) limsup(E + F)<limsupE + limsupF

(3) liminf,__ (a,+b,)<liminf ___a +liminf b,
(4) liminf (E + F) =liminf E + limsupF

219. Let X be a topological space and E be a
subset of X. Which of the following
statements are correct?

(2) E is connected implies E is connected
(2) E is connected implies 0E is connected

(3) E is connected implies Eis path
connected

(4) E is compact implies Eis compact.

220. Let Y be a nonempty bounded, open
subset of R" and let Y denote its closure.
Let {U};1 be a collection of open sets in R"
such that Y <U,,;U;. Which of the

following statements are true?
(1) There exist finitely many positive

integers jy, ..., jy such that Y < Uy _,U ik

=1

(2) There exists a positive integer N such
that Y < U, U,

(3) For every subsequence ji, j», ... we
have Y Ui, U,

(4) There exists a subsequence ji, j2, ...
suchthat Y =U U,
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June - 2022

PART - B

221.

222,

223.

224,

225.

Let a, = n + n™. Which of the following is

> a
true for the series »_ (—1)™* =12

ol n!
(2) It does not converge
(2) It convergestoe™ — 1
(3) It converges to e
(4) It converges to e + 1

0 an

Consider the series Z— For

5 .
<n° (log, n)°

which values of a, b, ¢ € R, does the

series NOT converge?

Q) lal<1,b,ceR

(2a=1,b>1,ceR
da=1,1>b,c<1
4a=-1,b>0,c>0

Suppose (&,),,;and (B,),.;are two bold

sequences of real numbers. Which of the
following is true?

1)

limsup(a, +(-1)"b,) =limsupa, +|limsuphb,
N— N—o0 nN—0

)

limsup(a, +(-1)"b,) <limsupa, +limsupb,
N—0 N—0 N—o0

®3)

limsup(a, +(-1)"b,) <limsupa, + limsupb, | +|liminf b,

4) limsup(a, +(=1)"b,) may not exist

N—0

Let f, : [0, 1] —» R be given by f(t) = (n +
2) (n + D" (1 = t), for all tin [0, 1]. Which
of the following is true?

(1) The sequence (f,) converges uniformly
(2) The sequence (f,) converges pointwise
but not uniformly

(3) The sequence (f,)) diverges on [0, 1)

. 1 1.
4) mL fn(t)dt=jom f (t)dt

Let X, Y be defined by

X ={(X,)s : imsupx, =1wherex, e{0,1}}

nN—o0

and Y ={(X,)s :lim X does not exists
- n—o

where x, € {0, 1}}. Which of following is
true

Ph: 9876788051, 9650838031

226.

227.

228.

229.

230.

(1) X, Y are countable

(2) X is countable and Y is uncountable
(3) X is uncountable and Y is countable
(4) X, Y are uncountable

Let us define a sequence (a,)n.n Of real
numbers to be a Fibonacci-like sequence
if a, = a1 + ane for n > 3. What is the

dimension of the R vector space of
Fibonacci-like sequences?

1)1

(22

(3) infinite and countable

(4) infinite and uncountable

Let D denote a proper dense subset of a

metric space X. Suppose thatf: D — R is
a uniformly continuous function. For p € X,
let B,(p) denote the set

{XG D:d(x, p)<1}.
n

the following statements is true?

(1) W, may be empty for some p in X.

(2) W, is not empty for every p in X and is
contained in f(4).

(3) W, is a singleton for every p.

(4) W, is empty for some p and singleton
for some p.

Let X be a connected metric space with
atleast two points. Which of the following
is necessarily true?

(2) X has finitely many points

(2) X has countably many points but is not
finite

(3) X has uncountably many points

(4) No such X exists

PART-C

Consider the following assertions:

S1: %0 & 29250 for Il t € (0, 7).

S2: For each x > 0, there exists at € (0, x)
such that x = loge(1 + xe).

S3: " < eM for all x e (-1, 1).

Which of the above assertions are
correct?

(1) Only S1

(2) Only S3

(3) Only S1 and S2

(4) Only S2 and S3

Let Q:U;(i,i+1)c[R and f: Q > R
be a differentiable function such that f'(x) =
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231.

232.

233.

234.

Oforallx e Qandletg: R - R be any
function. Which of the following statements
are true?

() If g is continuous, then (g o f) (Q) is a

compact set in R.

(2) If g is differentiable and g'(x) > 0 for all
x € R, then (g o f) () has precisely 5
elements.

(3) If g is continuous and surjective, then

@efH(QNQ=2.

(4) If g is differentiable, then {*: x € (g
f) ()} does not contain any non-empty
open interval.

Let [x] denote the integer part of x for any
real number x. Which of the following sets
have non-zero Lebesgue measure?

(1) {x € [1, ) : lim,,.[X]" exists}

(2) {x € [1, ) : lim,_,.[x"] exists}

(3) {x € [1, ) : lim,_,.n[x]" exists}

(4) {x € [1, ) : lim,_,.[1-x]" exists

Let (X, d) be a finite non-singleton metric
space. Which of the following statements
are true?

(1) There exists A < X such that A is not
open in X.

(2) X is compact.

(3) X is not connected.

(4) There exists a function f : X —> R such
that f is not continuous.

What is the largest positive real number &
such that whenever |x —y| < 8, we have

|cosx — cosy| < NPX,
3
(1) 2 @

T
3) — 4)2
()2 (4)

Leta,b e Rsuchthata<bandletf: (a,

b) - R be a continuous function. Which of

the following statements are true?

(1) If fis uniformly continuous then there
exist o > 0 and B > O satisfying [f(x) —
f(y)| < alx—y| + B, forall x, y in (a, b).

(2) For every c, d such that [c, d] < (a, b),
if f restricted to [c, d] is uniformly
continuous then f is uniformly
continuous.

(3) If fis strictly increasing and bounded
than f is uniformly continuous.

Ph: 9876788051, 9650838031

235.

236.

237.

238.

(4) If f is uniformly continuous then it
maps Cauchy sequences into
convergent sequences.

Consider the function f : R*> - R defined
by

(x—y)?sin 1 if x=zy
(x-y)

0 if x=y
Which of following statements are true
(2) f is continuous at (0, 0)
(2) The partial derivative f, does not exist
at (0, 0)
(3) The partial derivative f, is continuous at
(0,0)
(4) f is differentiable at (0, 0)

Fxy)=

Which of the given sequences (a,) satisfy
following identity?
limsupa, =—liminf a,

n—oo n—o0

1
(1) a, =—foralln
n

) a,=(-1)" (n +%) for all n
(="
n

for all n

) a, =1+

(4) (a,) is an enumeration of all rational
numbers in (-1, 1)

, 1+2% +...+n”
For a > 0, define &, =——F——

na+l
What is the value of lima, ?
n—o
(1) The limit does not exist
1
(2) —
a®+1
(3) L
a+l
1
4) 77—
a” +a+l

Consider the function f : R*> - R defined
1 1

by f(xy)=x3y*(xyeR).

Which of following statements are true?
(1) The directional derivative of f exists at
(0, 0) in some direction

(2) The partial derivative f, does not exist
at (0, 0)

(3) fis continuous at (0, 0)
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(4) f is not differentiable at (0, 0)

June - 2023

PART - B

239.

240.

241,

242,

243.

Consider R with the usual topology. Which

of the following assertions is correct?

(1) A finite set containing 33 elements
has atleast 3 different Hausdorff
topologies.

(2) Let X be a non-empty finite set with a
Hausdorff topology. Consider X x X
with the product topology. Then,

every function f : X x X - R is
continuous.
(3) Let X be a discrete topological space

having infinitely many elements. Let f
: R > X be a continuous function and
g : X > R be any non-constant

function. Then the range of g o f
contains at least 2 elements.

(4) If a non-empty metric space X has a
finite dense subset, then there exists

a discontinuous function f : X - R.

How many real roots does the polynomial
x® + 3x — 2023 have?

(1o (21
3)2 (4)3

Suppose S is an infinite set. Assuming that

the axiom of choice holds, which of the

following is true?

(1) Sis in bijection with the set of rational
numbers.

(2) S in in bijection with the set of real
numbers.

(3) Sisin bijection with S x S.

(4) S is in bijection with the power set of
S.

00

a_, where
n=1 N

a, = (-1)"™*(/n+1—+/n). Which of the
following statements is true?

(1) The series is divergent.

(2) The series is convergent.

(3) The series is conditionally convergent.
(4) The series is absolutely convergent.

Consider the series Z

Let x, y € [0, 1] be such that x # y. Which
of the following statements is true for
every € > 0?

Ph: 9876788051, 9650838031

(1) There exists a positive integer N such
that [x —y| < 2" e for every integer.

(2) There exists a positive integer N such
that 2" e < |x — y| for every integer.

(3) There exists a positive integer N such
that |x —y| < 2™ e for every integer.

(4) For every positive integer N, |x —y| <
2" e for some integer n > N.

244.  Which one of the following functions is
uniformly continuous on the interval (0, 1)?
.1
(1) f(x)=sin—
X
@ f(x)=e¥*
1
3) f(x)=e*cos—
X
b
(4) f(x)=cosxcos—
X
245. Which of the following assertions is
correct?
cos[ nz+(-1)" ZeJ
(1) limsupe >1.
n
log [nzr2+(—1)"ezj
2 lime " does not exist.
n
Sin[ n7r+(71)"2€J
@3) liminf e » e
n
tan[n712+(—1)" ezj
@) lime does not exist.
n
PART - C
246.  Consider the following two sequences {a,}

and {b,} given by

L L1 1
" n+l n+2  2n’
b =L

n

Which of the following statements are

true?

(1) {a,} converges to log 2 and has the
same convergence rate as the
sequence {b,}.

(2) {a,} converges to log 4 and has the
same convergence rate as the
sequence {b,}.

(3) {an} converges to log 2, but does not
have the same convergence rate as
the sequence {b.}.
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247,

248.

249,

(4) {an} does not converge.

Which of the following statements are

correct?

(1) The set of open right half-planes is a
basis for the wusual (Euclidean)

topology on R

(2) The set of lines parallel to Y-axis is a
basis for the dictionary order topology
on R?.

(3) The set of open rectangles is a basis
for the usual (Euclidean) topology on
[RZ

(4) The set of line segments (without end
points) parallel to Y-axis is a basis for

the dictionary order topology on R”.

Consider the function f : R> - R defined
by f(x, y) = x* — y°.

Which of the following statements are
true?

(1) There is no continuous real-valued

function g defined on any interval of R
containing 0 such that f(x, g(x)) = 0.

(2) There is exactly one continuous real-
valued function g defined on an

interval of R containing 0 such that
f(x, 9(x)) = 0.

(3) There is exactly one differentiable
real-valued function g defined on an

interval of R containing 0 such that
f(x, 9(x)) = 0.

(4) There are two distinct differentiable
real-valued functions g on an interval

of R containing O such that f(x, g(x)) =
0.

Let X :H:=l[0,l],that is, the space of

sequences {Xpj1 With x, € [0, 1], n > 1.
Define the metric d : X x X — [0, =)

oy (% d ) = supl el

Which of the following statements are

true?

(1) The metric topology on X is finer than
the product topology on X.

(2) The metric topology on X is coarser
than the product topology on X.

(3) The metric topology on X is same as
the product topology on X.

(4) The metric topology on X and the
product topology on X are not
comparable.
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250.

251.

252.

Which of the following are true?

(1) For n > 1, the sequence of functions
f,: (0, 1) - (0, 1) defined by f,(x) = x"
is uniformly convergent.

(2) Forn =1, the sequence of functions f,:

O, 1) —> (0, 1) defined by
n
= uniformly
() log(n +1)
convergent.

(3) For n > 1, the sequence of functions
f. (0, 1) — (0, 1) defined by

n

X
f (X)=
() 1+ x"

(4) For n > 1, the sequence of functions
f.. (0, 1) — (0, 1) defined by

n

is uniformly convergent.

f.(X) = is  not  uniformly
1+ nx"
convergent.
Let f R — R be defined as

f(x):%+x—x2. Given a € R, let us

define the sequence {x,} by X, = a and x, =
f(Xn.1) for n> 1.

Which of the following statements are
true?

(1) If a = 0, then the sequence {x\}

converges to %

(2 If a = 0, then the sequence {x,}
converges to —%.

(3) The sequence {x,} converges for

13
every ae(—E,E), and it converges

to —.
2

(4) If a =0, then the sequence {x,} does
not converge.

Define f: R* > R by f(x, y, z, w) = xw — yz.

Which of the following statements are

true?

(1) fis continuous

(2) ifU = i(x Y, Z, w)e R* xy + zw = 0,
x2+z—1y+w 1}, then f is
uniformly continuous on U.

) fV={x vy, zweR :x=y z=w
then f is uniformly continuous on V.

(4) fW={(x,y,zzw) e Rm0<x+y+z+
w < 1}, then fis unbounded on W.
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253.

254,

255,

256.

Let u denote the Lebesgue measure on R

and u* be the associated Lebesgue outer

measure. Let A be a non-empty subset of

[0, 1]. Which of the following statements

are true?

(1) If both interior and closure of A have
the same outer measure, then A is
Lebesgue measurable.

(2) If A is open, then A is Lebesgue
measureable and p(A) > 0.

(3) If Ais not Lebesgue measurable, then
the set of irrationals in A must have
positive outer measure.

(4) If u*(A) =0, then A has empty interior.

Define a function f ;: R — R by
sin(zz/x) whenx =0
0 when x =0.

On which of the following subsets of R, the
restriction of f is a continuous function?

(1) [-1, 1]

(2) (0, 1)

(3) {0} U {(1/n): n € N}

(4) {1/2" : n e N}

Let {x,} be a sequence of positive real
1

numbers. If o, ==(X +X, +...X,), then
n

which of the following are true? (Here lim

sup denotes the limit supremum of a

sequence.)

@) If lim sup{x,} = £ and {x.} is
decreasing, then lim sup{c,} = {.

(2) lim sup{x,} = £ if and only if lim sup {c,}

=1
. X
3) If limsup<sn ——-1|:<1then X,
X(n+1)
Xn iS convergent.
. X
(4) If limsupsn| ——-11¢ <1 then X,
X(n+1)

Xy is divergent.

Under which of the following conditions is
the sequence {x,} of real numbers
convergent?

(1) The subsequences {Xgn:1)}, {X2n} and
{xsn} are convergent and have the
same limit.

(2) The subsequences {Xgn:1), {Xon} and
{Xan} are convergent.

(3) The  subsequences {Xw}» are
convergent for every k > 2.
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(4) IlL‘n | X(n+1) - Xn |: 0.

257.  Consider the following statements:

(a) Letf be a continuous function on [1, )
taking non-negative values such that
L f (x)dxconverges. Then >" £ (n)
converges.

(b) Let f be a function on [1, o) taking
non-negative  values such that
J.lw f (x) dx converges.

Then lim, . f(x)=0.

(c) Let f be a continuous, decreasing
function on [1, «) taking non-negative
values such that J.lw f (x)dx does not
converge. Then me(n) does not
converge.

Which of the following options are true?

(1) (@), (b) and (c) are all true.

(2) Both (a) and (b) are false.

(3) (c) is true.

(4) (b) is true.

Dec - 2023

PART —B

258. Letf: R — R be a differentiable function
such that f and its derivative f' have no
common zeros in [0, 1]. Which one of the
following statements is true?

(1) fnever vanishes in [0, 1].

(2) f has atmost finitely many zeros in
[0, 1].

(3) f has infinitely many zeros in [0, 1].

(4) f(1/2)=0.

259. Let f(x) be a cubic polynomial with real
coefficients. Suppose that f(x) has exactly
one real root and that this root is simple.
Which one of the following statements
holds for ALL antiderivatives F(x) of f(x)?
(1) F(x) has exactly one real root.

(2) F(x) has exactly four real roots.

(3) F(x) has atmost two real roots.

(4) F(x) has atmost one real root.

260.  Consider the following infinite series:

= sin(nz/2) < 1
(@ ) ———=,(b) ) log|1+—= |
Which one of the following statements is
true?
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261.

262.

263.

264.

(1) (@) is convergent, but (b) is not (4) limsupa,, =0.
convergent. o0
(2) (@) is not convergent, but (b) is
convergent. PART-C
(3) Both (a) and (b) are convergent.
(4) Neither (a) nor (b) is convergent. 265.  Suppose that f : [-1, 1] »> R is continuous.

Letf: R — R be defined by
1—x)?sin(x?), x € (0,2).
f (o = | @ X07sin0) 03
0, otherwise
and f' be its derivative. Let

S={c e R:f(x) <cf(x) for all x € R}.
Which one of the following is true?

1 s=0
(2) S=# @ and S is a proper subset of (1,
o)

(3) (2, w) is a proper subset of S

(4 SN, 1= 266.

Consider the following subset of R:

U={x e R:x*—9x+18<0, x* = 7x + 12
<0}

Which one of the following statements is
true?

(1) inf U = 5.
(3) inf U = 3.

(2)inf U = 4.
(4)infU = 2.

Let X be a non-empty finite set and

Y = {f(0)

X}

Which one of the following statements is

true?

(1) Yisan |nf|n|te set

(2) Y has 2" elements

(3) There is a bijective function from X to
Y

(4) There is a surjective function from X to
Y

Consider the sequence (ap)ns1,

where @, —COS(( n" —” n—”)
2 3

Which one of the following statements is

true? 268.

1) limsupa, =

N—o0

) limsupa,, =1.

n—o0

NE
>

. 1
@3) limsupa,, = >

N—o0
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: f is a real-valued function on 267.

Which of the following imply that f is
identically zero on [-1, 1]?

1) J._ll f (x)x"dx = Ofor all n> 0.

¥} J:ll f (x) p(x)dx = Qfor all real
polynomials p(x).

@3) jll f (x)x"dx = Ofor all n > 0 odd.

(4) J:ll f (x)x"dx = Ofor all n > 0 even.

Consider R? with the Euclidean topology

and consider Q? = R? with the subspace
topology. Which of the following
statements are true?

(1) Q?is connected.
(2) If Ais a non-empty connected subset

of Q7 then A has exactly one element.
(3) Q?is Hausdorff.

(@) {(x,y) € Q| x*+y? = 1} is compact in
the subspace topology.

For a real number A, consider the
improper integrals
J‘ dX
0 (1- x) i3k %

Which of the following statements are

true?

(1) There exists X such that I,
converges, but K, does not converge.

(2) There exists A such that K;
converges, but |, does not converge.

(3) There exists A such that I;, K; both
converge.

(4) There exists A such that neither I, nor
K; converges.

Let f : R - R be a continuous function
such that |f(x) — f(y)| > log (1 + |x —y]|) for

all x, y € R. Which of the following
statements are true?

(2) f is necessarily one-one.

(2) f need not be one-one.

(3) fis necessarily onto.

(4) f need not be onto.
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269.

270.

271,

272.

Let p : R> > R be the function defined by
p(x, ¥) = X. Which of the following
statements are true?

(1) Let A = {(x, y) € R* | X’ + y* < 1}.
Then for each y € p(A,), there exists a
positive real number ¢ such that (y - &,
Y +¢) < p(Ag).

(2) Let A, = {(x, y) € R* | X* + y* < 1}.
Then for each y € p(A,), there exists a
positive real number ¢ such that (y - &,
Y +¢) < p(Ay).

(3) Let Az ={(x, y) € R? | xy = O}. Then for
each y € p(Aj3), there exists a positive
real number ¢ such that (y - €, y + €) <
P(As).

(4) Let Ay ={(x, y) € R® | xy = 1}. Then for
each y € p(As), there exists a positive
real number ¢ such that (y - €, y + €) <
P(As)

Let x be a real number. Which of the
following statements are true?
(1) There exists an integer n > 1 such that
, .1
n°sin—=x.
n
(2) There exists an integer n > 1 such that

1
ncos— 2 X.
n
(3) There exists an integer n > 1 such that
ne" > x.
(4) There exists an integer n > 2 such that
n(log n)™* > x.

For real numbers a, b, c, d, e, f, consider

the function F : R? — R? given by
F(x,y) = (ax + by + c, dx + ey +f), for x, y

e R.

Which of the following statements are
true?

(1) F is continuous

(2) F is uniformly continuous

(3) F is differentiable

(4) F has partial derivatives of all orders

For a differentiable surjective function f :
(0, 1) - (0, 1), consider the function
F:(0,1)x(0,1) > (0, 1) x (0, 1) given by
F(x, y) = (f(x), f(y)), x, y € (0, 1). If f'(x) # 0
for every x e (0, 1), then which of the
following statements are true?

(1) Fisinjective.

(2) fisincreasing.

Ph: 9876788051, 9650838031

273.

274.

275.

(3) For every (x',y) € (0, 1) x (0, 1), there
exists a unique (x, y) € (0, 1) x (0, 1)
such that F(x, y) = (X', y').

(4) The total derivative DF(x, y) is
invertible for all (x, y) € (0, 1) x (0, 1).

Which of the following statements are
true?

(1) The functionf: R — R defined by

.1
x]sin=  forx=0,
0 forx=0
has a discontinuity at 0 which is
removable.

(2) The function f: [0, ) — R defined by
in(l f 0,
£(x) = sin(logx) forx==
0 forx=0

has a discontinuity at 0 which is NOT
removable.

(3) The function f: R — R defined by

et/ for x<0,
f(x) = )
e’ for x>0

has a jump discontinuity at 0.

(4) Letf, g:[0, 1] »> R be two functions of
bounded variation. Then the product
fg has atmost countably many
discontinuities.

Let (f)n=1 be the sequence of functions
defined on [0, 1] by

f.(x)=x" Iog(“f}

Which of the following statements are

true?

(1) (f,) converges pointwise on [0, 1].

(2) (f,) converges uniformly on compact
subsets of [0, 1) but not on [0, 1).

(3) (f,) converges uniformly on [0, 1) but
not on [0, 1].

(4) (f,) converges uniformly on [0, 1].

Let {A}»1 be a collection of non-empty
subsets of Z such that A, N A, = & for

m = n. If Z = U1 A,, then which of the

following statements are necessarily true?

(1) A, is finite for every integer n > 1.

(2) A, is finite for some integer n > 1.

(3) A, is infinite for some integer n > 1.

(4) A, is countable (finite or infinite) for
every integer n > 1.
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276. Letf: [0, ©) - R be the periodic function
of period 1 given by
f(x) =1 -|2x - 1| for x € [0, 1].
Further, define g : [0, ©) > R by g(x) =
f(x?). Which of the following statements
are true?
(1) fis continuous on [0, «).
(2) f is uniformly continuous on [0, «).
(3) g is continuous on [0, «).
(4) g is uniformly continuous on [0, «).
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1. (3)

4. (2)
7.(3)

10. (1,2,3)
13. (2,3,4)
16. (3)

19. (1)
22.(3,4)
25. (3,4)
28. (1)
31. (3)
34.(1,2,3,4)
37.(1,2)
40. (1,2)
43. (4)
46. (1)
49. (2)
52. (1,4)
55. (2,3)
58. (1,4)
61. (1)
64. (2)
67. (1)
70. (1,2,4)
73. (1,3,4)
76. (4)
79. (3)
82. (2,3)
85. (3,4)
88. (3)

91. (3)

94. (3)

97. (3)
100. (3,4)
103. (4)
106. (1,2,3)
109. (1,4)
112. (2)
115. (3)
118. (2)
121. (1)
124. (1,2)
127. (2)
130. (3)
133. (3)
136. (3)
139. (3,4)
142. (2,3)
145. (2,4)
148. (1,3,4)
151. (2)
154. (2)
157. (2,4)
160. (2,3)
163. (1,2,3)
166. (2)
169. (3)

ANSWERS

2.(3)

5. (2)

8. (1,2)

11. (1,2)
14. (1)

17. (3)

20. (4)
23.(2,3)
26. (1,4)
29. (3)

32. (4)

35. (1,3)
38. (1,3)
41.(1,2,3)
44. (3,4)
47. (1)

50. (3)

53. (3,4)
56. (3,4)
59. (2,4)
62. (2)

65. (3)

68. (1,4)
71. (1,2,4)
74. (1,3)
77.(3)

80. (1)

83. (3)

86. (3,4)
89. (1,3,4)
92. (2)

95. (2)

98. (4)

101. (3,4)
104. (2,3,4)
107. (1,2,3)
110. (2)
113. (1)
116. (3)
119. (1)
122. (1,2)
125. (4)
128. (1,3)
131. (2)
134. (4)
137.(2,3)
140. (1,4)
143. (1,2,4)
146. (1,2,3)
149. (1,2,3)
152. (4)
155. (1)
158. (1,2,3,4)
161. (2,3)
164. (3,4)
167. (3)
170. (2)

3. (4)
6. (2)
9. (1,2,4)
12. (1,2)
15. (1,2,4)
18. (1)
21. (2,4)
24. (1,4)
27. (2,4)
30. (2)
33.(2)
36. (3,4)
39. (3,4)
42. (2,4)
45. (3,4)
48. (1)
51. (1)
54. (3,4)
57. (2,3,4)
60. (2)
63. (1)
66. (1,2)
69. (1,2,3)
72. (1,2)
75. (1)
78. (3)
81. (2,4)
84. (1,2,3)
87. (2)
90. (2)
93. (2)
96. (2)
99. (1,3,4)
102. (1,2,4)
105. (2)
108. (3,4)
111. (4)
114. (2)
117. (3)
120. (1,2,4)
123. (1,2,4)
126. (1,3,4)
129. (1,3,4)
132. (4)
135. (2)
138. (1,4)
141. (1,2,3,4)
144. (1,2,3)
147. (1,2)
150. (2)
153. (2)
156. (2,3)
159. (1,2)
162. (1,3)
165. (1,3)
168. (3)
171. (3)
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172. (2)
175. (3)
178. (4)
181. (3,4)
184. (1,2,3,4)
187. (4)
190. (3)
193. (1,4)
196. (2)
199. (2)
202. (1)
205. (3)
208. (2)
211. (3,4)
214. (2,3)
217. (2,4)
220. (1,2)
223. (3)
226.

229.

232.

235. (1,3,4)
238. (3,4)
241. (3)
244. (2)
247.(3,4)
250. (2)
253. (1,2,3,4)
256. (1,2)
259. (3)
262. (3)
265. (1,2)
268. (1,3)
271. (1,2,3,4)
274. (1,4)

173. (1,2,4)
176. (1,4)
179. (1)
182. (1,2,4)
185. (3)
188. (4)
191. (2,3)
194. (4)
197. (2,3,4)
200. (1,2,3)
203. (2)
206. (2)
209. (1,3)
212. (1,3)
215. (3)
218. (1)
221. (4)
224,

227.

230.

233.

236. (1,2)
239. (2)
242.(2,3)
245. (3)
248. (2)
251. (1,3)
254. (2,3,4)
257. (2,3)
260. (3)
263. (2)
266. (2,3)
269. (1,3,4)
272. (1,3,4)
275. (4)

174. (2,3,4)
177. (1,3,4)
180. (4)
183. (3,4)
186. (3)
189. (4)
192. (1,4)
195. (1,2,3,4)
198. (2,3,4)
201. (1,3)
204. (3)
207. (4)
210. (1,3)
213. (3,4)
216. (1,2)
219. (1)
222. (3)
225. (4)
228.

231.

234.

237. (3)
240.(2)
243. (1)
246. (1)
249. (1,2,3)
252. (1,2,3,4)
255. (1,4)
258. (2)
261. (1)
264. (2)
267. (1,2,4)
270. (1,2,4)
273. (2,3,4)
276. (1,2,3)
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