A

2010 - MA
Test Paper Code : MA
Time : 3 Hours Max. Marks : 300
INSTRUCTIONS

1. The question-cum-answer booklet has
40 pages and has 29 questions. Please
ensure that the copy of the question-cum-
answer booklet you have received contains
all the questions,
2. Write your Registration Number, Name
and the Name of the Test Centre in the
appropriate space provided on the right side.
3. Write the answers to the objective
questions against each Question No. in the
Answer Table for Objective Questions,
provided on Page No. 7. Do not write
anything else on this page.
4. Each objective question has 4 choices for its
answer : (A), (B), (C) and (D), Only ONE of
them is the correct answer, There will be
negative marking for wrong answers to
objective questions. The following marking
scheme for objective questions shall be used :
(a) For each correct answer, you will be
awarded 6 (Six) marks.

(b} For each wrong answer, you will be
awarded -2 (Negative two) marks.

{c) Multiple answers to a question will be
treated as a wrong answer.

(d) For each un-attempted guestion, you
will be awarded 0 (Zero) mark.

{e) Negative marks for objective part will
be carried over to total marks.

5. Answer the subjective guestion only in the
space provided after each question,

6. Do not write more than one answer for the
same gquestion. In case you attemplt a
subjective question more than once, please
cancel the answer(s) you consider wrong.
Otherwise, the answer appearing last only
will be evaluated.

7. All answers must be written in blue/black/
blue-black ink only. Sketch pen, pencil or ink
of any other colour should not be used.

8. All rough work should be done in the space
provided and scored out finally.

9. No supplementary sheets will be provided
to the candidates.

10.Clip board, log tables, slide rule,
calculator, cellular phone or electronic
gadgets in any form are NOT allowed.

11.The question-cum-answer booklet must be
returned in its entirety to the Invigilator
before leaving the examination hall. Do not
remove any page from this booklet.

12 Refer to special instructionsfuseful data on
the reverse,
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READ INSTRUCTIONS ON THE LEFT
SIDE OF THIS PAGE CAREFULLY

REGISTRATION NUMBER

HE

Name :

Test Centre :

Do not write your Registration
Number or Name anywhere else in
this question-cum-answer booklet.

I have read all the instructions and shall
abide by them.

Signature of the Candidate

[ have verified the information filled by
the Candidate above.

Signature of the Invigilator
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Special Instructions / Useful Data

: The set of all real numbers

: The set of all rational numbers

: The set {1,2,3,...} of all natural numbers
: The empty set

: Theset {xe E ;:xe F), where E and F are sets
. The logarithm of x with respect to the base e
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¢+ Questions 1-15 {(objective questions) carry six marks each and questions

e Write the answers to the ohbjective questions in the Answer Toble for

IMPORTANT NOTE FOR CANDIDATES

16-29 {subjective questions) carry fiffeen marks each.

Objective Questions provided on page 7 only.

Q.1

Q.2

Q.3

Q.4

Which of the following conditiens does NOT ensure the convergence of a real sequence (a, }?

(&) |la,-a,,|>0asn e

(B} Z |a, —a,,; | is convergent
=1

() Znan is convergent

a=1

(D) The sequences {a,, ), {G,,,,) and la,, ! are convergent

Infx® +3%)

~— dx dy, where G ={{x,y)€ RZ:1<x% +y% <0}, is

The value of H 1y
/3

(A (B) 2= (Cy 3z (D) 4rx

The number of elements of S, (the symmetric group on & letters) which are their own

inverses equals

{A) 10 {By 11 (Cy 25 (D) 26

Let S be an infinite subset of R such that S nQ = ¢. Which of the following statements
is true?

(A) S must have a limit peint which belongs to Q

(BY S must have a lisnit point which belongs to R\Q

(C) S cannot be aclosedsetin R

(D) RAS must have a limit point which belongs to S

Space for rough work
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Q.5

Q.6

Q.7

Q.8

A

Let 7:(1,4)— R be & uniformly continuous function and let {g_} be a Cauchy sequence
1

in (1, 2). Let x, =a fla?) and ¥, =7 fleZ), for all neN. Which of the following

]
R

statements is true?

(A} Both [x_ } and {y,} must be Cauchy sequences in R

(B} {x,} must be a Cauchy sequence in B but {y, ] need not be a Cauchy sequence in B
(C} {y,) must be a Cauchy sequence in R but {x,} need not be a Cauchy sequence in R
(D}  Nether {x,} nor {y, } needs to ke a Cauchy sequencein R

T

—

Let F=2xyz erzf+ze‘2}+ye‘2£ be the gradient of a zcalar function. The value of
IF ~d; along the oriented path L from (0, 0, 1) to (1,0, 2) and then te (1,1, 2] is
A

(A @ (B} 2 (Cy e D)y &°

Let F=xyi +y}—yz£ denote the force field on & particle traversing the path L from
(3,0,0) to (1,1,1) along the curve of intersection of the cylinder ¥ =x* and the plane

z = x . The work done by Fis

A) 0 (B) (©) % o 1

1
4

Let R[X] be the ring of real polynomials in the variable X . The number of ideals in the
guotient ring R[X]#X? -3X +2) is

(A} 2 (B} 3 (C) 4 (Dy 6

Space for rough work
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Q.9

Q.10

Q.11

Q.12

A

Consider the differential egquation j—y:a}a ~by*, where e,b>0 and P0l=y,.
X

As ¥ — +e= the solution Wz} tends to

(A) © (B} i;- © 2 Dy,
o

Consider the differential equation (x+y+1de+(2x+2y+1)dy=0. Which of the
following statements is true?

(A) The differential equation is linear
{B) The differential equation is exact

(C) e*" is an integrating factor of the differential equation

(D) A suitable substifution transforms the differentiable equation to the variables
separable form

Let T:R* 3R be a linear transformation such that 7((1,2)=(2,3) and
T{0,1))=(1,4). Then T((5, 6)) is

(Ay (6,-1} (B) (-6,1) ¢y (-1,6) (  1,-6)

The number of 22 matrices over Z; {the field with three elements) with determinant 1
s

Ay 24 {B} 60 (C) 20 (D)} 30

Space for rough work
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Q.13

Q.14

Q.15

A

The radius of convergence of the power series Zan 2", where i, =1, a, =3"a,, for
R=0

nelN,is

(A} 0 (B} 43 Cr 3 (D) e

Let T :R* = R? be the linear transformation whose matrix with respect to the standard
001

basis {e,,e,,e51 of R°is ([0 1 0| Then T
1 0 0

(A) maps the subspace spanned by ¢, and &; into itself

(B) has distinet eigenvalues

(C) has eigenvectors that span R’

(D)} has a non-zero null space

Let T :R® - R? be the linear transformation whose matriz with respect to the standard

0 e b
basis of R is |-a 0 ¢ |, where a,b, ¢ are real numbers not all zero. Then T
-b - 0

(A} 15 one-to-one

{B) 1= onto

{C) does not map any line through the origin onto itself
(I hasrank 1

Space for rough work
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Space for rough work
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Space for rough work
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Answer Table for Objective Questions

Write the Code of your chosen answer only in the 'Answer’ column against
each QuestionNo. Do not write anything else an this page.

Question | Answer Do not write in this column
No.

M
02

03

04

05

0B

a7

08

og

10
11

12

13

14

15

FOR EVALUATION ONLY

No. of corrsct answers Marks (+)
Mo. of incorrect answers Marks I: - )
Total marks in question nos. 1-15 { )
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Q.16 (a) Obtain the general solution of the following system of differential equations:
dx
4 =x+2y
dy {9)
L =dx -y +e”
a7
(h)

Find the curve passing through [%,{]] and having slope at {(x, ¥) given by the

differential equation 2(1+y*) dx +(2x ~tan y) dy =0 {B)
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Q.17

{a)

{b)

A

Find the wolume of the region in the first actant bounded by the surfaces

x=0,y=x,y=2—x%,2=0 and z = x*.

Suppose f: R - R is 3 non-constant continueus function satisfying
flx +¥)=fx)fiy} forall x,veR.

{i} Show that fix)=0 forall xeR.

(ii} Show that fix)>0 forall xe R.

(iii) Show that there exists fe R such that f{x)=§" forall xe R.

MA-10/40
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(9}
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A

Q.18 (a) Let fix) and g(x) be real valued functions continuous in |¢,b], differentiable in
{2,h) and let g (x}=0 for all xc (a,b}). Show that there exists ce (&, b) such that
fle)-fla) _ Fie) _ (9)
giby—gle) gl

(k) Let 0<A<4 and let {e,} be a sequence of positive real numbers satisfying

a,,=Aa’{l-a,} for ne N_Prove that lima, exists and determine this limit.  {(8)

R —r

MA-I12/40
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(3.19 Let G be an open subset of R.
{a) If Og G, then show that H ={xy:x,y€ &} is an open subset of R. (9)
(by If0e @ andif x + ye G for all x,y € G, then show that G=R. (6)

MA-14/40
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A

Q.20 Let p{x) be a non-constant polynomial with real coefficients such that p{x)# 0 for all

ze R. Define f{x}:% for zll x € R. Prove that
plx

{i) for each £>0, there exists o >0 such that |f(x}|< ¢ for all x¢ R satisfying
|x|>e, and

(i)  f:R—R is a uniformly continucus function. (15)
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Q.21

{a)

{h)

A

Let M{%) and m{k) denote respectively the absolule maximum and the absolute
minimum values of x? +9x% -21x +2 in the closed interval [-10,2]. Find &ll the

real values of & for which | M (&) |=|mik)].

Tet o =0,8, =1; @, =1, 8, =1,and for n 23,
a, =0, Y20, ,,

By =Bya 28,

Prove that, for ne N

iy B, =2, +(-1)"*

(i) a, + 8, =21

Deducs that lim 0@ + Byb et 2

fi—ho 2"'1 3

MA-18/40

for any e, b R.

(6)

{9)
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Q.22

{a)

(b)

Al

Let flry)=ax® +xy+ fy?, a=0, fe0, dapf #1. Find sufficient conditions an
er, # such that (0,0) iz

(1) a point of local maxima of Fix, ¥}
{ii) a point of local minima of flx, v}
(it} a saddle point of f(x, y). {9)
Find the derivative of f(x, y,z)=T7x® ~x% -2* 428y at the point A=(1,-1, 0}
along the unit veetor %(ﬁf ~2j+3£). What is the unit vector along which f

decreases most rapidiy at A? Also, find the rate of this decrease, {3)]

MA-20/40
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A

2 d* dy

Q.23 Using x =€", transform the differential equation x dx_:: + 41:3 +32y =cosx fo a second

order differential equation with constant coefficients. Obtain the general solution of the
transformed differential equatien. (153

MA-22/40
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Q.24

A

Let & be a group and let A{G) denote the set of all automorphisms of G, ie., all
one-to-one, onto, group homomorphisms from G to G. An automorphism /G — @ of

the form fix)=axa™, x e G (for some a € &) is called an inner automerphism. Let J{3F)
denote the set of 4l inner automorphisms of .

{a) Bhow that A{G) is a group under compesition of functions and that J(3) is a

normal subgroup of A{7). (9}
(b} Show that ({7} is isomorphic to G/Z(()}, where
2l ={g e G:xg = gx for all x € (7} is the center of G. (6)

MA-24/40
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Q.25

(&)

(b}

A

Give an example of a linear transformation T :R?—R? such that T?(v)= v
for all ve RE. (B)

Let V be a real n-dimensional vector space and let T:V =V bhe a linear
transformation satisfying T7(v) =-v forall ve V.

{1}  Show that n is even.

(ii’ TUse T tomake V into a complex vector space such that the multiplication by
complex numbers extends the multiplication by real numbers.

(iii} Show that, with respect to the complex vector space structure on V' obtained
in{il), T :V =V 1is a complex linear transformation. {9
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Al

Q26 Let W be the region bounded by the planes x=0,v=0,¥=3,2=0 and x+%22 =86,
Let § be the bﬂum:lary of this region. Using Gauss’ divergence theurem evaluate

“ P dS , where F Zxyi + yz? _j +xzk and 7 is the outward unit normal vector ta S.

(15}
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Q.27

{a}

(b

A

Using Stokes’ theorem evaluate the line integral I{yf +zj+x£}l~d;.,. where L is

L

the intersection of x*+3y*+2%7 =1 and x+y=0 traversed in the clockwise

direction when viewed from the point (1,1, 0). (9]
1 V-4

Change the order of integration in the integral f f Fx, v)dy dx . (6}
o z-1
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Q.98

A

In a group G, x €& is zaid to be conjugate to ve G, written x ~ ¥, if there exists z & {7

such that x =zyz 7.

(a}

(b)

Show that ~ is an equivalence relation on . Show that a subgroup N of G is a
normal subgroup of G if and enly if ¥ is a union of equivalence classes of ~.  (6)

Consider the group of all non-singular 3x%3 real matrices under matrix
i 0 0 3 0 4

L
multiplication. Show that |1 3 0|~|0 1 0 {ie., the twe matrices are
1 2 1 0O 0 1]
conjugate). (9
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Q.99

A

Let § denote the commutative ring of all eontinuous real valued functions on [0, 1], under
poiniwise addition and multiplication. For e [0,1], let M_=lfe & |fla)=0).

{a) Show that M, is an ideal in §. (5]
(b} Show that M is a maximal ideal in §. (9
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