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INSTRUCTIONS TO CANDIDATES

Please ensure that this booklet contains 12 numbered (and printed)
pages. The back of each printed page is blank and can be used for
rough work.

There are five sections, containing ten questions each, entitled Al-
gebra, Analysis, Topology, Applied Mathematics and Miscellaneous.
Answer as many questions as possible. The assessment of the paper
will be based on the best four sections. Each question carries one point
and the maximum possible score is forty.

Answer each question, as directed, in the space provided in the answer
booklet, which is being supplied separately. This question paper is
meant to be retained by you and so do not answer questions on it.

In certain questions you are required to pick out the qualifying state-
ment(s) from multiple choices. None of the statements, or one or more
than one statement may qualify. Write none if none of the statements
qualify, or list the labels of all the qualifying statements (amongst (a),

(b), and (c)).

Points will be awarded in the above questions only if all the correct
choices are made. There will be no partial credit.

N denotes the set of natural numbers, Z - the integers, QQ - the rationals,
R - the reals and C - the field of complex numbers. R™ denotes the n-
dimensional Euclidean space, which is assumed to be endowed with its
‘usual’ topology. The symbol Z,, will denote the ring of integers modulo
n. The symbol ]a, b[ will stand for the open interval {z € R | a < x < b}
while [a,b] will stand for the corresponding closed interval; [a,b] and
Ja,b] will stand for the corresponding left-closed-right-open and left-
open-right-closed intervals respectively. The symbol I will denote the
identity matrix of appropriate order. The space of continuous real
valued functions on an interval [a, b] is denoted by C|a, b] and is endowed
with its usual ‘sup’ norm.



Section 1: Algebra

1.1 Pick out the cases where the given subgroup H is a normal subgroup of
the group G.

(a) G is the group of all 2 x 2 invertible upper triangular matrices with real
entries, under matrix multiplication, and H is the subgroup of all such ma-
trices (a;;) such that a;; = 1.

(b) G is the group of all 2 x 2 invertible upper triangular matrices with real
entries, under matrix multiplication, and H is the subgroup of all such ma-
trices (a;;) such that a;; = as.

(¢) G is the group of all n x n invertible matrices with real entries, under
matrix multiplication, and H is the subgroup of such matrices with positive
determinant.

1.2 Let GL(n,R) denote the group of all invertible n x n matrices with real
entries, under matrix multiplication, and let SL(n,R) denote the subgroup
of such matrices whose determinant is equal to unity. Identify the quotient

group GL(n,R)/SL(n,R).

1.3 Let S,, denote the symmetric group of permutations of n symbols. Does
S7 contain an element of order 107 If ‘yes’, write down an example of such
an element.

1.4 What is the largest possible order of an element in 57?7
1.5 Write down all the units in the ring Zg of all integers modulo 8.

1.6 Pick out the cases where the given ideal is a maximal ideal.

(a) The ideal 15Z in Z.

(b) The ideal Z = {f : f(0) = 0} in the ring C[0, 1] of all continous real
valued functions on the interval [0, 1].

(c) The ideal generated by z® + z + 1 in the ring of polynomials F3[z], where
[F3 is the field of three elements.

1.7 Let A be a 2 x 2 matrix with complex entries which is non-zero and
non-diagonal. Pick out the cases when A is diagonalizable.

(a) A2=1.

(b) A%2 = 0.

(c) All eigenvalues of A are equal to 2.

1.8 Let x and y € R" be two non-zero (column) vectors. Let y? denote the
transpose of y. Let A = xy”, i.e. A = (a;;) where a;; = z;y;. What is the
rank of A?



1.9 Let x be a non-zero (column) vector in R™. What is the necessary and
sufficient condition for the matrix A = I — 2xx’ to be orthogonal?

1.10 Let A be an n x n matrix with complex entries. Pick out the true
statements.

(a) A is always similar to an upper-triangular matrix.

(b) A is always similar to a diagonal matrix.

(c) A is similar to a block diagonal matrix, with each diagonal block of size
strictly less than n, provided A has at least 2 distinct eigenvalues.



Section 2: Analysis

2.1 Evaluate:
lim nsin(2men!).

n—oo

2.2 Evaluate:
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naoo; \4An?2 — k2
2.3 Pick out the convergent series:
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2.4 Which of the following functions are continuous?

(a)

(c)

2 2
flz) = I2+1ix2+(1f$2)2+ ., 2 €R,
) }
,, COS NI B
f(ZE) - ;(_) n% 71’6[ 7T77T]

(c)
fz) = Zn%”, T € [—%,%]

2.5 Which of the following functions are uniformly continuous?

(a) f(z) = L in (0,1).
(b) f(x) =2 in R.
(¢) f(z) =sin?x in R.

2.6 Pick out the sequences { f,,} which are uniformly convergent.

(a)

folz) = nze ™ on (0,00).

(b)
falz) = 2™ on [0,1].
() y

folz) = NG on R.
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2.7 Which of the following functions are Riemann integrable on the interval

[0,1]?
()

(b)

(c)

f(z) = lim cos™(24rx).

n—oo

fx) = 0, if x is rational
| 1, if z is irrational.

cosz, if0<zx<i
_ ) ST x5
f(x)_{sinx, if ;3 <z<1.

2.8 Let z = x + iy be a complex number, where x and y € R, and let
f(2) = u(x,y) +iv(z,y), where u and v are real valued, be an analytic func-
tion on C. Express f’(z) in terms of the partial derivatives of v and v.

2.9 Let z € C be as in the previous question. Find the image of the set
S={z:2>0,0<y <2} under the transformation f(z) =iz + 1.

2.10 Find the residue at z = 0 for the function

I+22
22+ 25

f(z) =



Section 3: Topology

3.1 Let X be a metric space and let f : X — R be a continuous function.
Pick out the true statements.

(a) f always maps Cauchy sequences into Cauchy sequences.

(b) If X is compact, then f always maps Cauchy sequences into Cauchy se-
quences.

(c) If X = R™, then f always maps Cauchy sequences into Cauchy sequences.

3.2 Let B be the closed ball in R? with centre at the origin and radius unity.
Pick out the true statements.

(a) There exists a continuous function f : B — R which is one-one.

(b) There exists a continuous function f : B — R which is onto.

(a) There exists a continuous function f : B — R which is one-one and onto.

3.3 Let A and B be subsets of R. Define
C ={a+b:a€ Abe B}.

Pick out the true statements.

(a) C is closed if A and B are closed.

(b) C' is closed if A is closed and B is compact.
(c) C is compact if A is closed and B is compact.

3.4 Which of the following subsets of R? are compact?
(a) {(z,y) 2y =1}

(b) {(z,y) : 25 +y5 =1}

(c) {(z,y) : 2 +y* <1}

3.5 Which of the following sets in R? are connected?
(a) {(z,y) - 2?y* = 1}

(b) {(z,y) 1 2 +y* = 1}

(c) {(z,y) : 1 <2*+9y? <2}

3.6 Let P denote the set of all polynomials in the real variable x which varies
over the interval [0, 1]. What is the closure of P in C[0, 1] (with its usual sup-
norm topology)?



3.7 Let {f,} be a sequence of functions which are continuous over [0, 1]
and continuously differentiable in ]0,1[. Assume that |f,(z)| < 1 and that
|fl(z)| <1 for all x €]0, 1] and for each positive integer n. Pick out the true
statements.

(a) fn is uniformly continuous for each n.

(b) {f.} is a convergent sequence in C[0, 1].

(c) {fn} contains a subsequence which converges in C[0, 1].

3.8 Pick out the true statements.

(a) Let f:[0,2] — [0, 1] be a continuous function. Then, there always exists
x € [0,1] such that f(z) = .

(b) Let f : [0,1] — [0,1] be a continuous function which is continuously
differentiable in ]0, 1[ and such that |f'(z)| < 5 for all z €]0,1[. Then, there
exists a unique = € [0, 1] such that f(z) = z.

(c) Let S={p=(z,y) e R?: 22 +y? =1}. Let f: S — S be a continuous
function. Then, there always exists p € S such that f(p) = p.

3.9 Let (X, d) be a metric space. Let A and B be subsets of X. Define
d(A,B) = inf{d(a,b) :a € A, b€ B}.

For x € X, define
d(x,A) = inf{d(z,a):a € A}.

Pick out the true statements.

(a) The function z +— d(z, A) is uniformly continuous.
(b) d(z, A) = 0 if, and only if, x € A.

(c) d(A, B) = 0 implies that AN B # 0.

3.10 Let
B={(r,y) eR*:2* +y* <1} and D = {(2,y) € R? : 2* + 9 < 1}.

Pick out the true statements.

(a) Given a continuous function g : B — R, there always exists a continuous
function f : R? — R such that f = g on B.

(b) Given a continuous function g : D — R, there always exists a continuous
function f : R? — R such that f = g on D.

(c) There exists a continous function f : R? — R such that f =1 on the set
{(z,y) e R? : 224+y? = 3} and f = 0 on the set BU{(z,y) € R? : 2®+y* > 2}.



Section 4: Applied Mathematics

4.1 A spherical ball of volatile material evaporates (i.e. its volume decreases)
at a rate proportional to its surface area. If the initial radius is 7y and at
time ¢ = 1, the radius is ry/2, find the time at which the ball disappears
completely.

4.2 A body of mass m falling from rest under gravity experiences air resis-
tance proportional to the square of its velocity. Write down the initial value
problem for the vertical displacement x of the body.

4.3 A body falling from rest under gravity travels a distance y and has a
velocity v at time t. Write down the relationship between v and y.

4.4 Let x = (z1,---,x,) € R" and let v(x) = x. Apply Gauss’ divergence
theorem to v over the unit ball

B={xeR":) a7 <1}
=1

and deduce the relationship between w,, the (n-dimensional) volume of B,
and o, the ((n — 1)-dimensional) surface measure of B.

4.5 Write down the general solution of the linear system:

= dr —2y.

4.6 What is the smallest positive value of A such that the problem:

W' +M = 0in]0,1]
u(0) =u(l) and «/(0)=u/(1)

has a solution such that u # 07

4.7 Let f: R — R be a continuous function. Write down the solution of the
problem:
9%u Pu
2 o2 — 0, t >0,
u(z,0) = f(z), x €R,
9u(2,0) = 0, z€R.

4.8 Use duality to find the optimal value of the cost function in the following
linear programming problem:

Maz. z+y+ =z
such that 3z + 2y + 22z =1,
x>0, y>0, 2>0.



4.9 The value of /10 is computed by solving the equation 22 = 10 using the
Newton-Raphson method. Starting from some value xq > 0, write down the
iteration scheme.

4.10 Write down the Laplace transform F(s) of the function f(z) = .
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Section 5: Miscellaneous

5.1 Let P = (0,1) and @ = (4, 1) be points on the plane. Let A be a point
which moves on the z-axis between the points (0,0) and (4,0). Let B be
a point which moves on the line y = 2 between the points (0,2) and (4, 2).
Consider all possible paths consisting of the line segments PA, AB and BQ.
What is the shortest possible length of such a path?

5.2 A convex polygon has its interior angles in arithmetic progression, the
least angle being 120° and the common difference being 5°. Find the number
of sides of the polygon.

5.3 Let a,b and ¢ be the lengths of the sides of an arbitrary triangle. Define

_ab+bc+ca
a?+ b2 +c%
Pick out the true statements.
(a) 3 <z <2
(b) 3 <a<1.
(c) 3 <z <1

5.4 What is the maximum number of pieces that can be obtained from a
pizza by making 7 cuts with a knife?

5.5 In arithmetic base 3, a number is expressed as 210100. Find its square
root and express it in base 3.

5.6 Evaluate: 20
—1+iv3
V2+iv2)

5.7 Let n be a fixed positive integer and let C). stand for the usual binomial
coefficients i.e., the number of ways of choosing r objects from n objects.

Evaluate:

5.8 Let x,y and z be real numbers such that x? 4+ y? + 2?2 = 1. Find the
maximum and minimum values of 2z + 3y + z.
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5.9 Let o = 0. For n > 0, define

5 1
Tnt1 = Ty, + Z_l
Pick out the true statements:
(a) The sequence {x,} is bounded.
(b) The sequence {x,} is monotonic.
(a) The sequence {x,} is convergent.

5.10 Seven tickets are numbered consecutively from 1 to 7. Two of them
are selected in order without replacement. Let A denote the event that the
numbers on the two tickets add up to 9. Let B be the event that the numbers
on the two tickets differ by 3. If each draw has equal probability é (the draw
(1,7) being considered as distinct from the draw (7, 1), for example) find the
probabilty P(B|A).
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